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Abstract 

We study the Yangians Y(a) associated with the simple Lie algebras a of 
type B, C or D. The algebra Y(a) can be regarded as a quotient of the extended 
Yangian X(a) whose defining relations are written in an i?-matrix form. In this 
paper we are concerned with the algebraic structure and representations of 
the algebra X(a). We prove an analog of the Poincare-Birkhoff-Witt theorem 
for X(a) and show that the Yangian Y(a) can be realized as a subalgebra of 
X(o). Furthermore, we give an independent proof of the classification theorem 
for the finite-dimensional irreducible representations of X(a) which implies the 
corresponding theorem of Drinfeld for the Yangians Y(a). We also give explicit 
constructions for all fundamental representation of the Yangians. 
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1 Introduction 



For any simple Lie algebra a over C the corresponding Yangian Y(a) is a canonical 
deformation of the universal enveloping algebra U(a[x]), a[x] = a ® C[x] in the 
class of Hopf algebras; see Drinfeld [101 CH 112] • In accordance to Drinfeld, each 
Yangian Y(a) has at least three different presentations; see also Chari and Pressley jTl 
Chapter 12]. In this paper we are concerned with the one commonly known as the 
i?TT-presentation and which preceded the other two historically. It goes back to the 
work of the St. -Petersburg school on the inverse scattering method; see e.g. Takhtajan 
and Faddeev [21], Kulish and Sklyanin [T3], Tarasov j2Sll2n]5 Reshetikhin, Takhtajan 
and Faddeev |^. In the case of A type, i.e., a = sIn, the i?TT-presentation of 
the corresponding Yangian turns out to be particularly useful in the applications of 
the i?-matrix techniques to the classical Lie algebras; see e.g. the review paper [T7| 
and references therein. Moreover, this presentation is most convenient for the study 
of various subalgebras of the A type Yangian which play an important role in the 
applications to the quantum spin chain models; see e.g. Arnaudon et al. |21 El E], 
Molev and Ragoucy P^ . 

In a recent paper by Arnaudon et al. P], the i?TT-presentation of the Yangian 
associated with the B, C or D type Lie algebra a was studied. The Yangian Y(a) was 
presented as a quotient of a quadratic algebra whose defining relations are written in 
the form of an i?TT-relation. Below we denote this algebra by X(o) and call it the 
extended Yangian. The paper contains an explicit construction of a formal series 
z{u) whose coefficients belong to the center of X(a). As shown in [T], the quotient of 
X(a) by the relations z{u) = 1 is isomorphic to Y(o). In the orthogonal case a = Otv 
{B and D types) this reproduces an earlier result of Drinfeld [12] . 

Our aim in this paper is to describe the algebraic structure of the extended Yan- 
gian X(a) for each orthogonal and symplectic Lie algebra a = Ojy and a = sp2„ and 
classify its finite-dimensional irreducible representations. First, we prove an analog 
of the Poincare-Birkhoff-Witt theorem for the algebra X(o). Then, following the 
approach of Molev, Nazarov and Olshanski ^H], we define the Yangian Y(a) as a 
subalgebra of X(a). In [TH], the A type Yangian Y{sIn) is defined as a subalgebra of 
the Yangian Y(0[^) for the general lineal Lie algebra qI^ so that the algebra X(a) can 
be regarded as an analog of Y(0[^) for the B, C and D types. Furthermore, we show 
that the coefficients of the series z{u) are algebraically independent and generate the 
center of X(a). This implies that the finite-dimensional irreducible representations 
of the algebras X(a) and Y(a) are essentially the same. These representations of the 
Yangian Y(a) were classified by Drinfeld ^2]; see also Chari and Pressley [7| Chap- 
ter 12]. However, this classification is given in terms of a different presentation {new 
realization) of Y(a). At present, no explicit isomorphism between the new realization 
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of the orthogonal or symplectic Yangian Y(a) and its i?TT-presentation is known. (A 
detailed construction of such an isomorphism in the case of Y{51n) is recently given 
by Brundan and Kleshchev Therefore, the classification results of jT2| do not 
imply an immediate description of the finite-dimensional irreducible representations 
of the extended Yangian X(a). 

We develop an independent approach to the representation theory for the alge- 
bras X(a). We define Verma modules M(A(m)) over X(a) in a standard way, where 
X{u) is a tuple of formal series which we call the highest weight. We show that every 
finite-dimensional irreducible representation of X(o) is isomorphic to the unique irre- 
ducible quotient L{X{u)) of M(A(m)). We classify the finite-dimensional irreducible 
representations of X(a) by producing necessary and sufficient conditions on the high- 
est weight X{u) for the module L{X{u)) to be finite-dimensional; see Theorem 15.161 
Reformulating these conditions for representations of the subalgebra Y(a) of X(a) we 
thus obtain another proof of Drinfeld's theorem ^2] for the case of the classical Lie 
algebras a = Oat and sp2„. 

As a first step, we consider the low-rank cases and construct explicit isomorphisms 
Y(sp2) ^ Y(5[2), Y(03) ~ Y(5[2) and Y(o4) ~ Y(s[2) ^Y{sl2). The former is quite 
immediate while the remaining two require appropriate versions of the fusion pro- 
cedure for i?-matrices. The representations are then described by using the known 
results for the Yangian Y(s[2) which are due to Tarasov j23l2HI- For the sake of com- 
pleteness, we reproduce a proof of those results which is a simpler version of the one 
contained in jTHI. Using the above isomorphisms, we also give explicit formulas for 
the evaluation homomorphisms from X(o) to the universal enveloping algebra U(a) 
for each a = sp2, 03 and 04. 

In order to establish the necessary conditions for L{X{u)) to be finite-dimensional, 
we use an induction argument which allows us to get the conditions for the rank 
n Lie algebra a from those of rank n — 1. The sufficient conditions on X{u) are 
established by producing finite-dimensional modules having X{u) as a highest weight. 
We do this first for the so-called fundamental modules and then employ the Hopf 
algebra structure on X(a). In particular, this proves that every finite-dimensional 
irreducible representations of X(a) is isomorphic to a subquotient of a tensor product 
of the corresponding fundamental modules. We also give an explicit construction 
of all fundamental modules of X(a) basically following the approach of Chari and 
Pressley jU] but avoiding the use of their results on the singularities of the i?-matrices. 
For the applications of the fundamental Yangian modules to the affine Toda field 
theories see Chari and Pressley [H]. 

The financial support of the Australian Research Council and the Laboratoire 
d'Annecy-le-Vieux de Physique Theorique is acknowledged. 
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2 Definitions and preliminaries 

We let a denote the simple complex Lie algebra of type Bn, Cn, or D„. That is, 

Cl=02n+1, 5p2„, or 02n, (2.1) 

respectively. Whenever possible, we consider the three cases (I2.1|l simultaneously, 
unless otherwise stated. The Lie algebra a can be regarded as a subalgebra of the 
general linear Lie algebra gl^, where = 2?t, + 1 or = 2n, respectively. It 
will be convenient to enumerate the rows and columns of N x N matrices by the 
indices —n, . . . , —1, 1, . . . , n, if = 2n, and by the indices —n, . . . , —1, 0, 1, . . . , n, if 
= 2n + 1. For —n ^ i,j ^ n set 

-^ij ^ij ^—j^—i (2.2) 

where the Eij are the elements of the standard basis of gt^ and 

{1 in the orthogonal case, 

(2.3) 
sgni ■ sgnj in the symplectic case. 

The elements Fij span the Lie algebra a and satisfy the relations 

F,, + % _i = (2.4) 

for any —n ^ n, and 

[Fij, Fm] = 6f,j Fa - 6n Fkj - 5^ „j % ; + 5^ _j % Fk-i. (2.5) 

For any n-tuple of complex numbers fi = (/ii, . . . , fin) we shall denote by V"(/i) 
the irreducible representation of the Lie algebra a with the highest weight fi. That 
is, V"(/i) is generated by a nonzero vector ^ such that 

Fij = for — n^i<j^n, and 

Fiii = fiii for 1 ^ i ^ n. 

The representation V{ii) is finite-dimensional if and only if 

/Xj — /ij+i G Z+ for i = 1, . . . , n — 1 

and 

-/il - /i2 G Z+ if a = 02n, 

-/ii e Z+ if a = sp2„, 
-2;Ui G Z+ if a = 02n+i- 
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Consider the endomorphism algebra End and let Cij G End be the standard 
matrix units (we use lower case letters to distinguish the elements of End C'^' from the 
basis elements oi qIj^; the latter will also be regarded as generators of the universal 
enveloping algebra U(0[jv))- We denote by F the N x N matrix whose ij -th entry is 
Fij. We shall also regard F as the element 

n 

F^ J2 ^ij ® ^ij ^ End (8) U(a). (2.6) 

i,j=-n 

We shall use the transposition t : End — > End which is a hnear map defined 
on the basis elements by the rule 

(cy) = 9ij c-j^-i, (2-7) 
and the standard transposition defined by 

(e,,)' = eji. (2.8) 
The permutation operator P is an element of End End given by 

n 

Yl ^y ^e^i- (2-9) 

We let Q denote the transposed operator Q = P*^ = p*2 ^jth respect to the first or 
second copy of EndC^, 

n 

i,j=-n 

Whenever the double sign ± or ^ occurs, the upper sign corresponds to the orthogonal 
case while the lower sign corresponds to the symplectic case. Note that the operators 
P and Q satisfy the relations 

P2^1, pQ = Qp=^Q^ Q^ = NQ. (2.11) 

Set 

(2.12) 

The i?-matrix R{u) is a rational function in a complex parameter u with values in 
End (g) End defined by 

R(u)^l-- + -^. (2.13) 

U U — K. 
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It is well known that R{u) satisfies the Yang-Baxter equation 

Ri2iu) R^siu + v) R^siv) = R^siv) R^^iu + v) R^^iu), (2.14) 

see mi, [23. Here both sides take values in EndC^ (g) EndC^ EndC^ and the 
subscripts indicate the copies of EndC^ so that Ruiu) = R{u) ® 1 etc. 

Following the general approach of JT] and ^23J, we define the extended Yangian 
X(a) as an associative algebra with generators where —n ^ i,j ^ n and r = 
1,2,... (the zero value of i and j is skipped if = 2n), satisfying certain quadratic 
relations. In order to write them down, introduce the formal series 

00 

t^A^) = H^^"^'' e X(a)[[t.-i]], tSf = 5,^, (2.15) 

r=0 

and set 

n 

T{u) = Cij ® Uj{u) G EndC^ ® X{a)[[u-% (2.16) 

i,j=~n 

Consider the algebra EndC^(8>EndC^®X(a)[['U^-'^]] and introduce its elements Ti{u) 
and T2{u) by 

n n 

Ti{u)= eij0l0tij{u), T2{u)= Y ^®eij0tij{u). (2.17) 

i,j=~n i,j=—n 

The defining relations for the algebra X(a) have the form of an RTT- relation: 

R{u - v) Ti{u) T2{v) = T2{v) Ti{u) R{u - v). (2.18) 
Equivalently, in terms of the series (j2.15|) they can be written as 

[tij{u),tkl{v)] = ^^^i^^(tkj{u)tii{v) -tkj{v)tii{u)^ 

--— 7— Y ^iptpjiu)t-p,l{v) Y ^jptk,-p{v)tip{u)Y 

Hi (J r\i \ / 
p=—n p=—n 

(2.19) 

Remark 2.1. The above definition of X(a) can be extended to the cases a = Oi and 
O2. However, both algebras X(oi) and X(o2) are commutative. In addition, in X(o2) 
we have t-i^i{u) = ti,_i(M) = 0. In what follows, we only deal with the orthogonal 
Lie algebras Oat for ^ 3. □ 

Consider an arbitrary formal series f{u) of the form 

f{u) = 1 + fiU-' + f2u'' + ■ ■ ■ G C[[u-% (2.20) 
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Also, let a G C be a constant and let i? be a matrix with entries in C such that 
BB'^ = 1. It is easily derived from the defining relations for the algebra X(a) that 
each of the mappings 

^f:T{u)^f{u)T{u), (2.21) 
Ta:T{u)^T{u-a), (2.22) 
T{u) ^ BT{u) 5* 

defines an automorphism of X(o). Furthermore, each of the mappings 

T{u)^T{-u), 

T{u)^T\u), 

T{u)^T-\u), 

defines an anti-automorphism of X(a); cf. l^lSl Section 1]. This is easily verified with 
the use of the following property of the i?-matrix implied by (j2.1H) : 

R{u)Ri-u) = l~^, (2.23) 

and the fact that R{u) is stable under the composition of the transpositions in the 
first and the second copies of EndC^. 

The extended Yangian X(a) is a Hopf algebra with the coproduct 

n 



the antipode 
and the counit 



S : T{u) ^T-\u), 
e : T(u) ^ 1, 



cf. 123, [IHl Section 1]. 

Multiplying both sides of ()2.18|) hj u — v — n, taking u = v + k, and replacing v 

by u we get 

QT,{u + K)T2iu) = T2iu)T,{u + K)Q. (2.25) 

Since Q/N is a projection operator in C^®C^ with a one-dimensional image, the ex- 
pression on each side of ()2.25j) must be equal to Q times a series z{u) with coefficients 
in X(a). Since QTiiu) = QT2{u) and Ti{u) Q = T^tt) Q, we have 

T\u + k) T{u) = T{u) T\u + k)= z{u) 1, (2.26) 
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where 

z{u) = 1 + ziu^'^ + Z2U"^ + . . . , 2iGX(a). (2.27) 
Taking the kl-th entries in ()2.26p we get the formulas 

n n 

Oki t-i-k{u + k) tii{u) = ^ 9ii tki{u) t^i_i{u + k) = z{u). (2.28) 

i=—n i=—n 

It was shown in P that all the coefficients Zi are central in X(a), and z{u) has the 
property^ 

A : z{u) ^ z{u) ^ z{u). (2.29) 

By the Hopf algebra axioms, this implies that the image of z{u) under the antipode 
S is found by 

S : z{u) ^ z{u)~\ (2.30) 

By ^n^ . we have 

S : T{u) ^ z{u)-^T\u + k). 

Hence, since the transposition is involutive, we conclude that the square of the an- 
tipode is the automorphism of X(a) given by 

: T(u) ^ /^""^ , T(n + 2/t); (2.31) 

z[u + k) 

cf. [H Section 1]. 

We define the Yangian Y(a) associated with the Lie algebra a as the subalgebra of 
X(a) which consists of the elements stable under all the automorphisms of the form 
(j2.2H) . It will follow from PP and the results below that this definition is consistent 
with the one given by Drinfeld jTHI; cf. fHl Section 1]. 

3 Poincare— BirkhofF— Witt theorem and the center 
of the extended Yangian 

Let us denote by ZX(a) the subalgebra of X(a) generated by all the coefficients Zi of 
the series z{u)] see ()2.27j) . 

Theorem 3.1. We have the tensor product decomposition 

X(a) = ZX(a) ®Y(a). (3.1) 

^Note that the i?-niatrix considered in [J coincides with our R{—u). 
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Proof. We follow the argument of ^Sl Section 2.16]. There exists a unique series y{u) 
of the form 

y{u) = 1 + yiu-^ + y2U-^ + ■■■ , y-, e ZX(o) 

such that y{u)y{u + k) = z{u). In order to see this, it suffices to write this relation 
in terms of the coefficients, 

Zk = 2yk + Ak{yi,...,yk-i), k ^ 1, (3.2) 

where A^. is a quadratic polynomial in k—1 variables. By (j2.26|) . the image of the series 
z{u) under the automorphism ()2.21|) is f{u) f{u + k) z{u). Hence, the automorphism 
()2.21|) takes y{u) to f{u)y{u). This implies that the series Tij{u) defined by 

njiu) = y{u)~^tij{u), i,j = -n,...,n, (3.3) 

are stable under all automorphisms ()2.21|) . Write 

So, the coefficients r-p of Tij{u) belong to the subalgebra Y(a). Now the decomposi- 
tion X(a) = ZX(a) ■ Y(a) follows from the relation Uj^u) = y{u) Tij{u). 

It remains to demonstrate that the elements Zi are algebraically independent over 
Y(a). Due to ()3.2|) . it suffices to do this for the elements yi. Suppose on the contrary, 
that for some positive integer n there exists a nonzero polynomial B in n variables 
with the coefficients in Y(a) such that 

5(yi,...,y„) = 0. (3.4) 

Take the minimal n with this property. The coefficients of B are stable under any 
automorphism 1)2.211) . Hence, applying the automorphism 1)2.211) with f{u) = l+au~^ 
and a G C to the equality ()3.4j) we get 

B{yi, . . . ,yn + a) = 

for any a G C. This means that the polynomial B does not depend on its n-th 
variable, which contradicts the choice of n. □ 

Corollary 3.2. The YangianY{a) is isomorphic to the quotient o/X(a) by the ideal 
generated by the elements Zi, Z2, . . . , i.e., 

Y(a)=X(a)/(^(«) = l). 
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Equivalently, Y(o) is generated by the elements r^p, where —n ^ i, j ^ n and r 
1,2,... subject only to the relations 

['Tijiu), Tkliv)] = -^-^ (rkj{u) Tii{v) - Tkj{v) Tii{u) 

(3.5) 



u 

p=—n p=—n 



and 



Y ^-i + ^iK") = ^ki- (3-6) 



Proof. Let I be the ideal of X(a) introduced in the statement of the corollary. Then 
Theorem 13 . II implies that X(a) = I © Y(a) proving the first statement. 



Now, the coefficients r'lp of the series Tij{u) with i, j = — n, . . . ,n generate the 
subalgebra Y(a). Indeed, it follows from the proof of Theorem 13. II that any element 
X G X(a) can be uniquely written as a polynomial B in yi,y2,... such that the 
coefficients of B are elements of the subalgebra of X(a) generated by the elements 
T-j\ On the other hand, if x belongs to the subalgebra Y(a) then B cannot depend 
on the elements yi because x is stable under all automorphisms ()2.21|) . Hence, x 
belongs to the subalgebra of X(a) generated by the Tij\ 

Finally, recall that the coefficients of the series y{u) are central in X(a). Hence, 
we derive from (j3.3|) that the relation ()2.19p will hold if the series tij{u) are respec- 
tively replaced by Tij{u) which gives ()3.5p . Furthermore, ()3.6|) follows from ()2.28|) . 
Conversely, ()3.5|) and ()3.6|1 are defining relations for Y(a) because they are respec- 
tively equivalent to (|2.19|) and the relation z{u) = 1. □ 

Proposition 3.3. The subalgebra Y(a) of X(a) is a Hopf algebra whose coproduct, 
antipode and counit are obtained by restricting those from X(a). 

Proof. The relation ()2.29p implies that 

A:y{u) ^y{u)®y{u). (3.7) 

Therefore the image of Y(a) under the coproduct on X(a) is contained in Y(a) ®Y(a). 
By ()2.3()|1 . the image of y{u) under the antipode S is y{u)~^. Hence, 

^■.y{u)~^T{u)^y{u)T-\u). 

Any automorphism ()2.2H1 leaves the product y{u) T^^{u) invariant and so the subal- 
gebra Y(a) of X(a) is stable under S. □ 
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Introduce an ascending filtration on the extended Yangian X(a) by setting 

deg4?=r-l (3.8) 

for any k, I E {— n, . . . , n}. Denote by tj[i^ and Zr the images of the elements t^li' and 
Zr, respectively, in the (r — l)-th component of the associated graded algebra grX(a). 
Then (12 .2811 gives the relations 

ii? + Okii^-l-k = Ski^r. (3.9) 

Furthermore, ()3.3|) implies that the degree of each element r^^"* does not exceed r — 1 
and its image fj^p in the (r — l)-th component of grX(a) is given by 

4' = lit^-o^it^l->:)- (3.10) 

The ascending filtration on the Yangian Y(a) is induced by the one on X(a). We 
denote by grY(o) the associated graded algebra. 

Proposition 3.4. The mapping 

(3.11) 

defines an algebra homomorphism ip : U(a[x]) — > gr Y(a). 
Proof. By (PTTIH) . 

for any —n ^ k,l ^ n and r ^ 1. Furthermore, using the expansion 

1 -1 -2 
= U + U V + ■ ■ ■ , 

u — V 

take the coefficients at ~* on both sides of the relation ()3.5|) . Keeping the highest 
degree terms, we come to 

Vij i^kl \ — "kj ^il "il ^kj "k-i '^tj + ^i] ^k-i 

It remains to compare these relations with ()2.4|) and ()2.5|) . □ 

Since the graded algebra grY(a) is generated by the elements f}p, the homo- 
morphism ip defined in Proposition 13.41 is obviously surjective. Our aim now is to 
show that ip is an algebra isomorphism (see Theorem 13 .61 below) . We shall follow the 
approach of Nazarov's paper fIR Section 2], where a similar result was established 
for the Yangian of the queer Lie superalgebra. 
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Let p be the vector representation of the Lie algebra a on the vector space C . 

So, 

For any c G C consider the corresponding evaluation representation of the polyno- 
mial current Lie algebra a[x\ given by 

p^: Fijx' ^ c'p{Fij), s^O. 

For any Ci, . . . , q G C consider the tensor product of the evaluation representations 
of a [x] , 

Pci,...,c, = Pc^®---® Per 

Lemma 3.5. Let the parameters ci, . . . ,q and integer I ^ vary. Then the inter- 
section in U(a[x]) of the kernels of all representations Pci,...,ci is trivial. 

Proof. Choose a basis Yi, . . . , Ym of o, where M = dim a, and set i/i = piYi). Let A 
be a nonzero element of U(a[x]). Choose a total ordering on the set of basis elements 
Yix"^ of a[x] and write A as a linear combination of ordered monomials in the basis 
elements. Let m be the maximal length of monomials which occur in A. For each 
monomial 

{Yay^)---{Ya^x'-)e\J{a[x]) (3.12) 
occurring in A consider the corresponding symmetrized elements 

J2 iya,,.,x'^^'^) ® • • • ® e [aix])^"-. (3.13) 

Regarding U(a[a:;]) as the quotient of the tensor algebra of o[a;] we derive that the 
elements (j3.13|) are linearly independent. Identifying the vector spaces 

{a[x]r"' = a^^[x^,...,Xm], 

we can regard the sum ()3.13p as a polynomial function in m independent variables 
xi, . . . ,Xm with values in the vector space o*^™, 

J2 (3.14) 

geSm 

Note that 

Pc„...,c, : Y^X^ ^ i^^lvl^^^ = ^""^'-'^^V:^ ® 1^^'-'^- 

k=l 
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Hence, the image of the monomial ()3.12|) under the representation Pci,...,c,ri is given 
by 

m 

E ■■■^t ■ ■ ■ yt^ e End (C^)^™. (3.15) 

^1 5 ■ ■ ■ i^m — 1 

Let us complete the set of matrices yi, ■ ■ ■ ,yM to a basis yi, ■ ■ ■ ,ym of EndC^ in 
such a way that the identity matrix 1 G End occurs as a basis vector y^ for some 
i e {M + 1, . . . , A^2}, Denote by the subspace in (EndC^)®'" spanned by the 
basis elements yi^® ■ ■ ■ ® yi^ where at least one of the tensor factors is 1. Observe 
that the image under the representation Pci,...,c™, of any monomial of length < m 
occurring in A is contained in Vm- Furthermore, modulo elements belonging to Vm, 
the sum fl3.15|) can be written as 

J2 (3.16) 

This sum is the value of (j3.14p under the specialization Xi = Ci and replacement of 
Yi with yi = p{Yi) for alH = 1, . . . , m. However, since p is faithful and the elements 
()3.13p are linearly independent, there exist values of the parameters ci, . . . , Cm such 
that the corresponding sums ()3.16|) are linearly independent modulo the subspace Vm 
which completes the proof. □ 

We are now in a position to prove the following. 

Theorem 3.6. The mapping ip : U(a[a;]) — > grY(a) defined in ()3.11|) is an algebra 
isomorphism. 

Proof. Due to Proposition 13. 4| we only need to show that the kernel of is trivial. 
Let C be a nonzero element of U(a[x]). We shall show that V'(C') 7^ 0. The universal 
enveloping algebra U(a[a:]) has a grading defined on the generators by declaring the 
degree of Fijx'^ to be equal to s. Then ip is obviously a homomorphism of graded 
algebras. Hence, we may assume that C is homogeneous of degree, say, d. Write 

c = E ■ ■ ■ iF,,.^^^'--% (3.17) 

summed over the indices ia,ja, fa such that ri + ■ ■ ■ + r^ = d + m. 
Consider the element C G Y(a) given by the formula 

fil _'Sr^ firi,...,rm (ri) _ (rm) 

/ J »1 71.--M tm?m nil «mim' 

where the summation is taken over the same set of indices as in (|3.17p with the 
same coefficients. Then the image of C" in the (i-th component of the graded algebra 
grY(a) coincides with V'(C'). So, it suffices to show that degC" = d. 
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Applying the standard transposition (j2.8p to the third copy of EndC^ in the 
Yang-Baxter equation ()2.14|) and using ()2.23|) we come to the relation 

R^2{u - v) R[,{-u) R^,{-v) = R^,{-v) R[,{-u) Ri2{u - v), (3.18) 

where 

P' O' 
R'iu) = 1 - — + 



U U — K 

with the transposition applied to the first (or second) copy of End C'^. Hence, by the 
defining relations (j2.18|) of the algebra X(a) we conclude that the mapping T{u) ^-^ 
R'{—u) defines a representation of X(a) in the space C^. Taking its composition with 
the automorphism ()2.22|) we obtain for any c G C the representation (Tc '■ T{u) ^ 
R'{—u + c). Equivalently, in terms of the generating series ()2.15p we have 

cTc : tij{u) H-> 5.^. + dj {u - cY^ - 6ij e-.j^-.i {u + k - c)'^. (3.19) 
Since the transpositions (j2.7j) and (j2.8p commute, using (j2.26j) and the relations 

(Q')' = l, P'Q' = Q'P' = ±P\ {P'f = NP\ 
we derive that the image of z{u) under cxc is given by 

(Tr : Ziu) (-^ 1 



(n — c + kY 

There exists a unique series fdu) G 1 + 'U^-'^C[['U^^]] such that 



fc{u) fc{u + k) 



(m — c + kY 



Then cXc : y{u) ^ ^ fc{u) so that due to (|3.19|) . for the image of the series Tij{u) 
under cXc we have 

(Jc : Tij{u) ^ fc{u) (^6ij + Cij {u - - dij e^j^^i {u + k - c)"^ j . (3.20) 

Observe that the coefficient of the series fc{u) at u^'' is a polynomial in c of degree 
^ k — 1. Therefore, taking the coefficient at u~^' in ()3.20|) we find that the image 
of rj^j^ under Cc is a polynomial in c of degree ^ r — 1 with coefficients in EndC'^. 
Moreover, the coefficient of this polynomial at c'""^ coincides with p{Fij). 

Using Proposition 13. 3t we can construct a representation of Y(a) in the space 
(C^)®' by 

(Jci,...,c, = (^ci <S) ■ ■ ■ aci, Q G C. 

The image of the element C under crcj^^,,,^ci is a polynomial in ci, . . . , q of degree ^ d. 
Moreover, the homogeneous component of degree d of this polynomial coincides with 
D = Pci,...,ci{C)- By Lemma there exist values of the parameters ci, . . . , q such 
that D ^ 0. This implies that the element C has degree d and so ip{C) 7^ 0. □ 
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The following is an analog of the Poincare-Birkhoff-Witt theorem for the algebra 
Y(a). It is immediate from Theorem 13 .61 

(r) 

Corollary 3.7. Given any total ordering on the set of generators t-- with 



Remark 3.8. The algebra Y(a) admits another filtration defined by setting the degree 
of the generator rj^j^ to be equal to r. It follows from Corollary 13. 21 that the associated 
graded algebra grY(a) is commutative. Let t^^J"^ denote the image of t-^ in the r-th 
component of grY(a). By Corollary 13. 7| the graded algebra grY(a) is isomorphic to 
the algebra of polynomials in the variables T^f\ where the indices i,j,r are subject 
to the same conditions as in Corollary 13.71 □ 

Recall that ZX(a) is the subalgebra of X(a) generated by the coefficients Zi of the 
series z{u). 

Corollary 3.9. (i) The center of the algebra Y(a) is trivial. 

(ii) The center of the algebra X(a) coincides with ZX(a). 

(iii) The coefficients zi,Z2, ... of the series z{u) are algebraically independent over 
C, so that the subalgebra ZX(a) o/X(a) is isomorphic to the algebra of polyno- 
mials in countably many variables. 

Proof. It is well known that the center of the universal enveloping algebra U(a[x]) is 
trivial; see e.g. (ISl Proposition 2.12]. So (i) and (ii) follow from Theorem 13.61 It is 
implied by the proof of Theorem 13 . 61 that the elements yi, j/2, . . . of the series y{u) are 
algebraically independent over C C Y(a). Hence so are the elements Zi, i ^ 1. □ 

We shall also need the following version of the Poincare-Birkhoff-Witt theorem 
for the algebra X(a). 

(r) 

Corollary 3.10. Given any total ordering on the set of elements t]^ and Zr with 



1+3 > 0, 



r ^ 1, 



in the orthogonal case, 




□ 



i + j>0 



r > 1 



in the orthogonal case, 
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Proof. By Theorems 13.11 13.61 and Corollary I3.9r iii). the graded algebra grX(a) is 
isomorphic to the tensor product of the universal enveloping algebra U(a[x]) and the 
algebra of polynomials C[Ci,C2, • • •] in indeterminates (r- An isomorphism is given 

by 

so that is the image of Zr] see ()3.9|) . This implies the statement. □ 
Proposition 3.11. The assignment 

F,, ^ 7^^) (3.21) 
defines an embedding U(a) ^ Y(a), while the assignment 

F^,^lit'ff-0^Jt'^,^?j (3.22) 

defines an embedding U(a) ^ X(a). 

Proof. The defining relations ()3.5|) and ()3.6|) of Y(o) imply that the map ()3.21|) is a 
homomorphism. Its injectivity follows from Corollarv 13.71 Furthermore, by ()3.3|) we 

have = t-j'' — S^j-yi. It remains to observe that 2yi = z\ = t^^} + for any i 
and = -% ^^'],-^ for i j by (EH- □ 



4 Isomorphisms for low rank Yangians 

Recall that the Yangian Y(0[^) for the general linear Lie algebra gljy is defined as 
a unital associative algebra with countably many generators Tij', '^if'--- '^here 
1 ^ i, j ^ N , and the defining relations 

r^(r- + l) rpis}-i _ rrpir) rpis + l^ _ rpir)rpis) _ rpis) rp^r) , N 

i^ij y-^kl J l-^ij i-^kl \ ~-^kj ^il ^kj ^ il ' V^-^) 

where r, s ^ and Tj^j*^ = 5ij. Equivalently, these relations can be written as 

min(r,s) 

rj^C'') _ {rp{a-l)rp{r+s-a)_rp{r+s--a)rp{a-l)\ {A2) 

a=l 

Introducing the generating series, 

T,,(n) = 5,, + T!f>u~' + T^pu-' + ■ ■ ■ G Y{gi^)[[u-% 
we can also write ()4.H1 in the form 

(m - v) [Tij{u),TM{v)] = Tkj{u)Tu{v) - Tkj{v)Tii{u). (4.3) 
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Equivalently, using the notation of Section El and introducing the matrices 

R°{u) = 1- Pu-^ (4.4) 

and 

AT 

T°{u) = J2 e^J®T,,{u) e End ®Y(g[^) (4.5) 

we can present the defining relations in the form of an i?TT-relation 

R°iu - v) T°{u) T°{v) = T°{v) T°{u) R\u - v)- (4.6) 

cf. ()2.18|) . We use the superscript "o" here to distinguish the objects related to 
Y(0[^) from those related to the algebra X(a). 

The Yangian Y(0[^) is a Hopf algebra with the coproduct 

N 

A : T,j{u) ^ Yl ^'^kiu) ® Tkj{u). (4.7) 

k=l 

An ascending filtration on Y(g[^) can be defined by setting 

degT;^'^ =r-l. (4.8) 

Let T-j^ denote the image of the generator Tj^p in the (r — l)-th component of the 
associated graded algebra grY(0[jv). We have an algebra isomorphism 

U(g[^[x]) ^ gr Y(g[^), E,, x^-' ^ (4.9) 

The assignment 

ev : T,j (u) ^ 5i, + m'^ (4. 10) 

defines a surjective homomorphism Y(g[^) U(g[^). Moreover, the assignment 
Eij I— > T^^^ defines an embedding U(g[^) ^ Y(0[^). 

For any series g{u) G 1 + 'U^^C[['U^^]] consider the automorphism of Y(0[^) defined 

by 

Tij{u)^g{u)Tij{u). (4.11) 

The Yangian for sljq is the subalgebra Yi^si^) of Y(0[^) which consists of the elements 
stable under all automorphisms (j4.1ip . 

The algebra Y(g[^) is isomorphic to the tensor product of its subalgebras 

Y(g[^) = ZY(g[^)®Y(sljv), (4.12) 



17 



where ZY(0[^) denotes the center of the algebra Y(0[^). The subalgebra ZY(0[^) is 
generated by the coefficients of the series D{u) called the quantum determinant. In 
the case iV = 2 it takes the form 

D{u) = Tn{u) T22{u - 1) - T^iiu) T^iu - 1). 

Define the series d{u) with coefficients in ZY(g[2) by the relation d{u) d{u — l) = D{u). 
Then all the coefficients of the series %j{u) = d{u)^^ Tij{u) belong to the subalgebra 
Y(s[2)- The series Tij{u) satisfy the relations 

{u - v) [Tij{u), %i{v)] = Tkj{u) Tii{v) - Tkj{v) Tii{u) (4.13) 

and 

TiiH T22{u - 1) - T2i{u) Ti2{u - 1) = 1 (4.14) 

which are defining relations for the algebra Y(sl2)- In other words, the Yangian Y(s[2) 
is isomorphic to the quotient of Y(0[2) by the ideal generated by all the coefficients 
oiD{u). 

For more details on the algebraic structure of the Yangians Y(0[^) and Y{s[n) 
see e.g. [TH], [Hj. 

4.1 Extended Yangian X(sp2) 

Observe that if = 2 then in the symplectic case the operators P and Q satisfy 
P + Q = 1; see (|2.9|) and (j2.1(Jj) . Therefore, for the corresponding i?-matrix (j2.13|) 
we have 

m — (!--) — ■ fl>/2). 

u — 2 \ u / u — 2 
This implies the following isomorphism where we adopt the convention of Section |21 
for numbering the rows and columns of 2 x 2 matrices by the indices { — 1, 1}. 

Proposition 4.1. The mapping 

U,{u)^T,,{u/2), ^,jG{-l,l} (4.15) 
defines an isomorphism (p : X(5p2) ^idh)- 

Proof. This is immediate from the defining relations ()2.18|) and ()4.6|) . □ 

Corollary 4.2. The restriction of the isomorphism ()4.15|) to the subalgebra Y(sp2) 
o/X(sp2) induces an isomorphism Y [5^2) Y(s[2). 
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Proof. Recall that the subalgebra Y(sp2) consists of the elements stable under all 
automorphisms of X(sp2) of the form ()2.2H) . However, given a series f{u) in 
with complex coefficients, the mapping ()4.15p takes f{u)tij{u) to f{u)Tij{u/2). So, 
we have the relation 4> o fij = o 0, and hence /i/ o = o fig, where g{u) 
is the series in u^^ defined by g{u) = /(2m). Thus, the image of Y(sp2) under the 
isomorphism coincides with the subalgebra Y(s[2) of Y (012), yielding the desired 
isomorphism. □ 

Corollary 4.3. The mapping 

ev : T(m) 1 + (4.16) 
defines a surjective homomorphism X(sp2) —>■ U(sp2). 

Proof. The composition of the evaluation homomorphism (j4.1U|) and the natural pro- 
jection qIj^ — > sIn yields a homomorphism Y(g[^) XJ^sIn). For = 2 it takes the 
form 

T,^i{u) ^ 1 + (^1,1 - {2uY\ Ti,_i(m) ^ 

Applying the isomorphism of Proposition l4.1l and using the generators Fij of sp2 = 
we get a homomorphism X(sp2) — > U(sp2) given by 

ev : tijiu) ^ + i, j e {-1, 1}. 

Obviously, it is surjective. □ 



4.2 Extended Yangian X(o3) 

We shall now use a more standard notation for the generators of the Yangian Y(g[2)) 
where the indices z, j in the defining relations ()4.1|) and ()4.3p run over the set {1, 2}. 
Consider the vector space with its canonical basis 61,62 and denote by V the 
three-dimensional subspace of ® spanned by the vectors 

f_l = 6i(8)6i, fo = ^ (ei (g) 62 + 62 ® 61), t;i = -62®62. 

v2 

We identify V with regarding f_i,fo,fi as its canonical basis. In particular, the 
operators Py and Q in F Cg> \/ will be given by the respective formulas ()2.9|) and 
()2.10p so that, for instance, Py{yQ®Vi) = Vi ®fo- Similarly, we regard the generator 
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matrix T{u) = {tij{u)) as an element of End X(o3)[[-u ^]]. Note that the operator 
(1 + P)/2 is a projection of (C^)®^ to the subspace V . Due to ()4.6|) . we have 

• T^{2u) T°{2u + 1) = T^{2u + 1) r,°(2«) • i±^, 

because 1) = 1 + P. Therefore, we may regard each side of this relation as an 
element of EndV ®Y{q{^)[[u-% 



Proposition 4.4. The mapping 



T{u) 



1 + P 



T°{2u)T°{2u+l) 



(4.17) 



defines an isomorphism : X(o3) Y(gl2). More explicitly, the images of the 
generators under the isomorphism are given by the formulas 



t-i-i{u 
t-i,o{u 

ti-iiu 
ti,iiu 



Tn(2M)rn(2M+l) 

(Tn(2n) Ti2(2^z + 1) + Ti2(2m) Tn(2n + 1] 
-Tui2u)Tui2u + l) 

(Tn(2u) T2i{2u + 1) + T2i(2m) Tn(2u + 1] 

Tu{2u) T22{2u + 1) + r2i(2M) Ti2(2m + 1) 

--^ (ri2(2M) T22(2m + 1) + T22(2m) Ti2(2m + i; 

-T2i(2m)T2i(2m + 1) 
1 

"71 

T22(2n)T22(2M+ 1). 



r2i(2M) T22(2m + 1) + T22(2m) T2i(2m + i; 



Proof. We start by showing that the mapping defines an algebra homomorphism. 
We use a version of the well known fusion procedure for i?-matrices; see e.g. and 
references therein. 

Consider the tensor product space {fC?)®^. As in fj2.14|) . we use subscripts of the 
i?-matrix ()4.4|) or the permutation operator P G End (C^)*®^ to indicate the copies of 

where the operator acts. In the following we consider V" ® V" as a natural subspace 
of (C2)®2 ^ (c2)®2^ Obviously, the operator 



Pi2 1 + P 



34 



12'. 



-l)R 



34 1 
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is a projection of (C^)®^ ® (C^)®^ to the subspace V ®V. Let us set 

Rv{u) = ■ ■ Rl,{2u - 1) RU2u) R°,i2u) R°,{2u + 1). (4.18) 

Since the i?-matrix R°{u) satisfies the Yang-Baxter equation ()2.14j) . we have the 
following equivalent expression for Ry{u), 

Ry{u) = R°,i2u + 1) R°,i2u) R°,{2u) R^2u - 1) ■ ■ (4.19) 

Clearly, the subspace V is stable under the operator Rv{u). 
Lemma 4.5. We have the equality of operators in V ®V , 

Rviu) = ^-^.(l-^ + ^^). (4.20) 
' 2m + 1 V u M- 1/2/ ^ ^ 

Proof. Using the formulas of the kind 

(l+Pl2)Pl4P24 = (l+Pl2)Pl4 

and 

(1 + P12) (1 + P34) Pl4 P23 = (1 + P12) (1 + P34) Pl3 P24, 

it is easy to get a simplified expression for the operator Ry{u), 

T-, / \ 1 + Pl2 1 + -P34 PlA + -P24 + -P13 + -P23 , -P13 -P24 

Rv(u) = ^ -1 ^ : \- 



2 2 V 2m + 1 u{2u + l] 

The restriction of Rv{u) to the subspace V ®V is given by 

I _ -^14 + -P24 + -P13 + -P23 _|_ -P13 -P24 2]^\ 
2n + l u{2u + l) ^ ' ' 

so that the proof of the lemma is completed by the application of (j4.2H) to all basis 
vectors Vi ® Vj of V ®V. For instance, we have 



r> ^ \f ^ \ (a -^14 + -^24 + -P13 + -P23 , -P13 -P24 \ / ^ „ ^ \ 

Rv{u)[v_i ® v_i) =1 — — h — - — — - (ei (g) ei (g) ei O ei) 

V 2m + 1 u {2u + 1)/ 

{u-l){2u-r 



u{2u+l) 



ei (» ei 0$) ei (» ei. 



Clearly, the application of the operator on the right hand side of (|4.2Up to the vec- 
tor v_i (g f_i gives the same result. The remaining cases are verified by the same 
calculation. □ 
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By the lemma, the element Rv{u) coincides with the i?-matrix ()2.13|) for a = 
03, up to a scalar factor. So, in order to verify that the mapping ()4.17|) defines a 
homomorphism X(o3) Y(g[2) we need to show that the relation 

Rviu - v) Tv{u) T2\v) = T2'{v) Ty{u) Rv{u - v) (4.22) 

remains valid when T{u) is replaced by its image. Here we use primed indices to 
indicate the copies of the space V in the tensor product V ®V . We reserve unprimed 
indices for the copies of in the tensor product (C^)®^. The left hand side of fl4.22p 
reads 

■ ■ ^14^^" - 2t; - 1) RU2u - 2v) R°i{2u - 2v) R°^{2u ~2v + l) 

X ■ T°{2u) T°{2u + 1) ■ ■ T,\2v) T:{2v + 1). 

Writing the product of i?-matrices in the equivalent form ()4.19p . we simplify this 
expression to 

■ ■ ^i4(2w -2v~l) R^3i2u - 2v) Rl^{2u - 2v) Rlj,{2u - 2t; + 1) 
X T°(2u) T°{2u + 1) T°{2v) T°{2v + 1). 



Now apply the i?TT-relation ()4.6|) repeatedly to bring this expression to the form 

T°{2v) T°{2v + 1) T°{2u) T°{2u + 1) 



I + P12 I + P34 



2 2 

X Rl^{2u -2v-l) Rl^{2u - 2v) i?24(2u - 2v) ^23(2^ -2v + 1). 
Finally, since Rl2{—^)/2 is a projection, we derive from ()4.6|) that 

■ T^{2u) T°{2u + 1) = ■ T°{2u) T°{2u + 1) ■ 

Using the same property of i?34(— 1)/2 we obtain that the resulting expression co- 
incides with the right hand side of ()4.22j) . where T{u) is replaced with its image in 
accordance with ()4.17|) . 

The explicit images of the generators of X(o3) are found by taking the matrix 
elements in fl4.17|) . Indeed, the application of T{u) to the basis vector V-i of V gives 

T{u){v^i) = t_i v-i + to ^^0 + ti Vi, 

while 

■ T°{2u) T°{2u + = • T°{2u) T°{2u + l)(ei ® d) 
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1 ^ 

= 2 5Z T,i(2u) T5i(2n + 1) (e^ ® e?, + ® e,) = Tn(2n) Tn(2u + 1) v^i 

a,b=l 

+ (Tn(2u) T2i{2u + 1) + T2i(2n) Tn(2n + 1)) Vo - T2i{2u) T2i{2u + 1) v^. 

This agrees with the formulas for the images of the series ta-i{u) for a = —1,0, 1 
given in the statement. The remaining formulas are verified in the same way. Note 
also that the image of the series io,o(w) can be equivalently written as 

Tu{2u) T2i{2u + 1) + T22(2m) Tu{2u + 1) 

due to the defining relation in the Yangian Y(gl2)- 

In order to complete the proof of the proposition we now verify that the homo- 
morphism X(o3) Y(g[2) given by ()4.17|) is bijective. Taking the coefficient at u~'^ 
in t-i-i{u) we find that for any r ^ 1 

1^-1-1^^ J-n + ^r-lUll , • • • , ^11 j, 

where Ar-i stands for a quadratic polynomial in the generators tII\ . . . , T^^ ^\ The 
obvious induction on r shows that each generator T^^l^ with r ^ 1 belongs to the 
image of the homomorphism. Similarly, taking the image of tS' j we find that each 

(r) (r) 

generator T22 with r ^ 1 also belongs to the image. Then taking the images of t_{ g 
and t^l^i we derive the same property of the generators t1^2^ and T2['* with r ^ 1. 
This proves that the homomorphism is surjective. 

Finally, observe that the homomorphism preserves the respective filtrations on 
X(o3) and Y(g[2). Hence, we have a homomorphism of the associated graded alge- 
bras grX(o3) — >■ grY(g[2). It suffices to show that this homomorphism is injective. 
Identifying grY(g[2) with the universal enveloping algebra U(0[2[x]) via the isomor- 
phism ()4.9|) . we get 

^ "Tf {x/2y-\ tto ^ -71 {x/2y-\ tti ^ {X/2Y-' 

and 

Therefore, the injectivity of the homomorphism follows from Corollarv IH.IOI □ 

Corollary 4.6. The restriction of the isomorphism cj) : X(o3) Y(g[2) to the subal- 
gebra Y{o^) induces an isomorphism Y{os) ^ Y(5[2)- 
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Proof. Recall that the subalgebra Y(o3) consists of the elements stable under all 
automorphisms of X(o3) of the form ()2.2H) . For any series f{u) of the form ()2.20j) 
there exists a unique series 

giu) = 1 + giu-^ + g2U-^ + ■ ■ ■ G C[[u-^]] 

such that f{u) = g{2u) g{2u +1). By Proposition 14.41 we have the relation (p o Hf = 
fig o 0, and hence fij o = o /i^. This implies that the image of Y(o3) under 
the isomorphism coincides with the subalgebra Y(s[2) of Y(g[2) thus yielding the 
desired isomorphism. □ 

Let us denote by c the Casimir element for the Lie algebra O3, 

In the following we use notation ()2.6j) . 
Corollary 4.7. The mapping 

F - c 1 

ev : T{u) ^ 1 + - + ' , (4.23) 

U U {ZU — 1) 

defines a surjective homomorphism X(o3) — * U(o3). 

Proof. Writing the homomorphism Y(gl2) U(5t2) used in the proof of Corollary 14. 31 
in the current notation we get 

Tii(m) ^ 1 + (En - E22) {2u)-\ Tu{u) ^ EuU-\ 
T22{u) ^ 1 + {E22 - En) {2uy\ T2i{u) ^ E2iu~\ 

Composing this with the isomorphism sl2 03 given by 

Ell - E22 ^ 2F_i,_i, E12 ^ v^F_i,o, E21 ^ v^Fo,_i, 

we get another homomorphism Y(gl2) ~^ U(o3) such that 

TnH ^l + F^i^_iu-\ Ti2{u) ^ V2F_i^ou-\ 
T22{u) ^ 1 + Fi^i u-\ T2i(n) ^ V2 Fo,_i u-\ 

Finally, compose the isomorphism of Proposition 14.41 with the shift automorphism 
tij{u) ^ tij{u — 1/2) of X(o3) and use the above formulas to get a homomorphism 
X(o3) U(o3). It remains to verify that the resulting formulas for the images of 
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tij{u) agree with ()4.23|) . This can be done by an easy straightforward calculation. 
For instance, for the image of to,o('w) we calculate 



to,o{u) ^ Tu{2u - 1) T22(2m) + T2i(2m - 1) Ti2(2m) 




'-1,0 

2u 



(4.24) 



On the other hand, formula ()4.23p gives 



to,o{u) ^ 1 + 



2-^0,-1-^-1,0 + 2Fo,iFi^o — F^i + Fn — 



2 -^10-^01 



1 + 



2u (2m - 1) 

2-^0,-1-^-1,0 — -^n ~ -^11 
2u (2m- 1) ■ 



Clearly, this agrees with ()4.24|) . All the remaining cases are verified by a similar and 



4.3 Extended Yangian X(o4) 

We shall need the tensor product algebra Y{q12) ® Y(g[2). In order to distinguish 
the two copies of the algebra Y(0[2), we denote the corresponding generator series 
respectively by Tij{u) and T/j{u) for the first and second copies, where i,j G {1,2}. 
We also identify Tij{u) ® 1 with Tij{u) and 1 ® T/j{u) with T/j{u). As before, we 
combine the series Tij{u) and Tl^iu) into the matrices T°{u) and T°'{u), respectively. 

The algebra Y(gl2) (8> Y(gl2) is naturally equipped with an ascending filtration, 
where the degrees of the elements on each copy of Y(gl2) are defined by ()4.8|) . 

Consider the vector space with its canonical basis ei, 62 and set V = C^. 
We identify V with regarding the vectors 

f_2=ei(g)ei, f_i= 610 62, Ml = 62® 61, M2 = -e2®62 

as the canonical basis of V. Then T^{u)T2'{u) may be regarded as an element of 
End V ® (Y(g[2) ® Y(g[2)) The operators Py and Q y in K (g) V are given by 

the respective formulas (|2.9p and (|2.1Up . We shall regard the matrix T{u) = {tij{u)) 
as an element of End (8> X(o4)[[m~^]]. 

Proposition 4.8. The mapping 



even shorter calculation. Obviously, the homomorphism ()4.23|1 is surjective. 



□ 



Tiu)^T°iu)T°'{u) 



(4.25) 
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defines an embedding ip : X(o4) ^ ^{5^2) ^^{5^2) ■ More explicitly, the images of the 



generators under the 


embedding are 


given by the formulas 




t-2-2{u) ^ 


Tii{u)Tl^{u) 


, i_2-i(w) ^ 




i_2,i(ti) 1-^ 






-t,2{u)t;^{u 


i_i -2(u) ^ 

-■■5 \ / 


Tu{u)T^^{u) 


, i_i -i(u) 1— > 




t-i^i{u) ^ 


Tu{u)T^,(u) 




-Tu(u)T^2(u 


tl-2{u) ^ 


T2i{u)Tl^{u) 


ti-i{u) ^ 


T2,{u)Tl,{u 


ti^i{u) ^ 


T22iu)Tl,{u) 


tl,2{u) ^ 


-t22{u)t;2{u 


t2-2{u) ^ 






-T2i{u)T^^{u 


t2,l{u) ^ 


-T22{u)T^^{u) 


, t2,2{u) ^^ 


T22{u)T^^{u 



Proof. We start by showing that the mapping defines an algebra homomorphism. 
Identifying V ®V with the tensor product space (C^)®^, we set 

Ry[u) = R^s{u) R2i{u). (4.26) 

Lemma 4.9. We have the equality of operators inV<S>V, 

= + (4.27) 

u \ u u — 1/ 

Proof. We have 

\ u J \ u / u \ u u — 1 J 

It remains to note that Py = P13P24 and Qy = (1 — -Pi3)(l — -^24)- This is verified 
by the apphcation of the operators to all basis vectors Vi (g) vj of \^ 1^. For instance, 
by the definition of Qv, 

Qv{V-2 <8) V2) = V-2 <SiV2+ V-i <SiVi+Vi<Si V-i +V2<Si V-2: 

while 

(1 - Pi3)(l - P24)(^^-2 «) V2) = (1 - Pl3)(l - P24)(-ei ® 61 ® 62 62) 

= -ei ® ei (8) 62 (8) 62 + ei (8) 62 ® 62 (8) ei + 62 ® ei (g) ei (g) 62 - 62 (8) 62 (8) ei (8) 61, 

which clearly coincides with Qv{v-2 <8) ^2)- The remaining relations are verified in 
the same way. □ 
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By the lemma, the element Rv{u) coincides with the i?-matrix ()2.13|) for a = 
04, up to a scalar factor. So, in order to verify that the mapping ()4.25|) defines a 
homomorphism X(o4) — > Y(g[2) ® Y(g[2) we need to show that the relation 

Rv{u - v) Tviu) T2'{y) = T2>{v) Tyiu) Ryiu - v) (4.28) 

remains valid when T{u) is replaced by its image. The primed indices are used here 
to indicate the copies of the space V in the tensor product V ®V . The left hand side 
of reads 

RUu - v) R^,{u - v) T°{u) T^'{u) T°{v) T^'iv). 
Applying the i?TT-relation (j4.6p twice, we bring this expression to the form 

T,%v) T:'{v) T°{u) T^\u) RUu - V) i?°4(« - v) 

which coincides with the right hand side of ()4.28|) . where T{u) is replaced with its 
image in accordance with ()4.25|) . 

The explicit images of the generators of X(o4) are found by taking the matrix 
elements in (I4.25|) . Indeed, the application of T{u) to the basis vector f_2 of V gives 

while 

2 

T°{u) T°'{u){v^2) = T°{u) T°'{u){ei ® ei) = J] Tai{u) T^,{u) (e„ ® e^) 

a,b=l 

= Tii(n) T/i(n) ^;_2 + Tu{u) T^iiu) v^i + T2i(m) T/i(m) Vi - T2i(m) T^iiu) V2. 

This agrees with the formulas for the images of the series ta,-2(w) for a = —2, —1, 1, 2 
given in the statement. The remaining formulas are verified in the same way. 

In order to demonstrate that the homomorphism ip is injective, observe that it 
preserves the respective filtrations on X(o4) and Y(0[2) ® Y(g[2). Hence, we have a 
homomorphism of the associated graded algebras 

grX(o4)^gr(Y(0[2)®Y(0[2)). 

Identifying the graded algebra gr Y(g[2) with U(0[2[a;]) via the isomorphism ()4.9|) . we 
get a homomorphism 

grX(o4)^U(0[2[x])®U(fl[2M) 
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so that 

^t-i ^ -^21 x''\ t!(} ^ y'-S ^ ^22 x'^-i + E22 y'-\ 

and 

(En + E22) x^'-i + (En + E22) 
Therefore, the injectivity of ip follows from Corollary IH.KH □ 

Due to the presentation of the Yangian Y(s[2) provided by ()4.13p and ()4.14|) we 
have a natural projection Y(gl2) — ^ Y(s[2) defined by the mapping Tij{u) ^ 
Applying this projection to the first or second copy of Y(0[2) in the tensor product 
algebra Y(0[2) ® Y(gl2) and taking its composition with the embedding ip we get 
homomorphisms 

X^^) : X(04) Y(5[2) ® Y(0[2), x^'^ : X(o4) ^ Y(0l2) ® Y^sh). 

Corollary 4.10. The homomorphisms x*-^-* o-nd x*-^-* are bijective. 

Proof. We only consider x*^^\ the proof for x*-^"* is similar. By the formulas of Propo- 
sition ^Hl we have 

X^') : t_2,-2(M) ti,i{u - 1) - ti,_2(«) t-2,l{u - 1) ^ 

(Tn{u) T22(n - 1) - T^iiu) T^^iu - 1)) TA(n) T;,{u - 1) = T;,{u) T;,{u - 1). 

Therefore, all the coefficients of the series T^i{u) belong to the image of x''^''- Hence, 
so do the coefficients of %j{u) with i,j G {1,2}. This implies that x^^'' is surjec- 
tive. To verify the injectivity of x*"^"* we use the same argument as in the proof of 
Proposition 14.81 Namely, x^^^ induces a homomorphism of the associated graded 
algebras 

grX(o4)^U(s[2[x])®U(0[2M) 
and the argument is completed by the application of Corollarv 13.101 □ 

Corollary 4.11. The restriction of each isomorphism x'^^'^ and x^"^^ to the subalgebra 
Y(o4) induces an isomorphism Y{o 4) Y(s[2) ® Y(s[2). 

Proof. Again, we only consider the isomorphism x*-^''- The subalgebra Y(o4) consists 
of the elements stable under all automorphisms of X(o4) of the form ()2.21|) . For any 
formal series f{u) of the form ()2.20|) consider the automorphism Jlf oi the algebra 
Y(s[2) ® Y(0[2) defined by 

Jlf : Tijiu) ^ Tij{u), T.'.{u) ^ f{u) Tl-iu). 
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By the definition of x^^\ we liave tlie relation x^^^ ° f^f = J^f ° X^^"* ■ This imphes 
that if y G Y(o4) then x^^\y) is stable under the automorphisms Jif for all series 
f{u). Hence, the image of the subalgebra Y(o4) of X(o4) under the isomorphism x*^^) 
coincides with the subalgebra Y(s[2) ® Y(s[2) of Y(s[2) ® ^{0^2) thus providing the 
desired isomorphism. □ 

Let us denote by c the following Casimir element for the Lie algebra 04, 

C = - (i^ii + F22) — F22 + F21F12 + -F2, -1-^-1,2- 

In the following we use notation ()2.6p . 
Corollary 4.12. The mapping 

p p'i - p - cl 

ev : T(n) + - + — (4.29) 

u 2u^ 

defines a surjective homomorphism X(o4) —>■ 11(04). 
Proof. Consider the isomorphism s[2 © SI2 — > 04 given by 

£"11 — £"22 ^ —Fu — F22, £12 ^ F^2,i, E21 I— >• -Fi,-2, 

and 



Fii — E22 ^ Fu — F22, ^ F^2~i, 1-^ -^-1,- 



■2, 



where the primes indicate the basis elements of the second copy of s[2- Applying 
the homomorphism Y(g[2) U(s[2) used in the proof of CoroUarv 14. 7t we get a 
homomorphism Y(gl2) ® ^{0^2) ~^ U(o4) such that 

rr ( \ 1 -^11 + -^22 _i / ^ r -l 

Tii(n) t-^ 1 ^ u , Ti2[u) ^ F_2,i u 

T22(m) ^^ IH U \ T2i(m) Fi _2M 

and 





2 


Fu 


+ -^22 




2 


Fu 


— -^22 




2 


Fu 


— -^22 



TA(m) ^ 1 + '\ u~\ Tl2{u) ^ F_2,-iU-\ 

Using the isomorphism of Proposition 14.81 we get a homomorphism X(o4) U(o4). 
It remains to verify that the resulting formulas for the images of tij{u) agree with 
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()4.29|) . This can be done by an easy straightforward calculation. For instance, for 
the image of t_2-2{u) we calculate 



« Tn(u) T;,(u) - (l - ^iii^ (l + u-') 



1 + F_2,-2M"^ + 



^-2,-2 ^-1-1 



(4.30) 



u 



-2 



On the other hand, formula (j4.29j) gives 

, . 1 , -1 , ^-2,-2 + F_2-lF-l-2 + F_2,lFi _2 - -F_2 -2 - C 
t_2 -2(m) f-> 1 + F_2 -2 U H 

which agrees with ()4.30p . All the remaining cases are verified by a similar calculation. 
Obviously, the homomorphism ()4.29|1 is surjective. □ 

Remark 4.13. The respective compositions of the evaluation homomorphisms pro- 
vided by Corollaries 14. 31 I^TI and l¥. 121 with the shift automorphism given by ()2.22|) 
yields the homomorphisms eva = ev o with the evaluation parameter a. □ 



5 Representations of the extended Yangians 

Here we introduce the highest weight representations for the extended Yangians X(a), 
where as before, a = 02n+i, 5p2„, or 02n- We show by a standard argument that finite- 
dimensional irreducible representations of X(a) are highest weight representations. 
Then we give necessary and sufficient conditions for the irreducible highest weight 
representations to be finite-dimensional. In particular, we obtain an alternative proof 
of Drinfeld's classification theorem for the finite-dimensional irreducible representa- 
tions of the Yangians Y(a). 



5.1 Highest weight representations 

A representation V of the algebra X(a) is called a highest weight representation if 
there exists a nonzero vector ^ G V such that V is generated by ^, 

tiiiu) ^ = for — n^i<j^n, and 

^3K ' (5.1) 

tii{u) ^ = Xi{u) ^ for — n ^ i ^ n, 
for some formal series 

K{u) = 1 + Af ^n-i + + ■ ■ ■ , Af ^ G C, (5.2) 
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where the value i = only occurs in the case a = 02n+i- The vector ^ is called the 
highest vector of V and the tuple A(m) = (A_„,(m), . . . , A„(-u)) of the formal series is 
the highest weight of V. 

Let us identify the elements Fij G a with their images in X(o) under the embedding 
(|3.22j) . The defining relations (j2.19|) imply 

[4]\tki{u)] = ta{u) - tkjiu) - 6k _i % t-j/w) + % 

Also, due to (|2.28p we have 



[Fij, tkiiu)] = S^j tii{u) - tkj{u) - 9ij t^jj{u) + 5i _j 9ij tk-i{u). (5.3) 

Take the linear span of the elements Fu, . . . , F„„ as the Cartan subalgebra f) of a 
and consider the standard triangular decomposition of a. Then the nonzero elements 
Fij with i < j are the positive root vectors. The corresponding positive roots are 



for a = 02n, 

—2 Ei with 1 ^ i ^ n and — Ei — Ej, Ei — Ej with 1 ^ i < j ^ n 
for a = sp2„, and 

—Ei with 1 ^ i ^ n and — Ei — Ej, Ei — Ej with 1 ^ i < j ^ n 

for a = 02ri+i, where Ei denotes the element of f)* defined by £i{Fjj) = 6ij. The 
standard partial ordering on the set of weights of any a-module is now defined as 
follows. If a and P are two weights, then a precedes /3 if /? — a is a Z+-linear 
combination of the positive roots. 

Theorem 5.1. Every finite- dimensional irreducible representation V of the algebra 
X(a) is a highest weight representation. Moreover, V contains a unique, up to a 
constant factor, highest vector. 

Proof. Introduce the subspace of V by 





Therefore, Fij = t\^^ — 6ij zi/2. Since zi is central in X(a), this gives 



—Ei — Ej, Ei — Ej with 1 ^ i < j ^ n 



V^ = {r]eV\t,,{u)r] = 0, 



n ^ i < j ^ n}. 



(5.4) 
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We show first that is nonzero. Consider the set of weights of V, where V is 
regarded as the a-module defined via the embedding ()3.22|) . This set is finite and 
hence contains a maximal weight u with respect to the partial ordering on the set 
of weights of V. The corresponding weight vector t] belongs to V^. Indeed, if i < j 
then by (j5.3p the weight of tij{u) t] has the form u + a for a positive root a. By the 
maximality of u, we have tij{u) rj = 0. 

Next, we show that all the operators tkk{u) preserve the subspace V^. Consider 
first the case a = 02n+i. In the following argument we write = for an equality of 
operators in . Due to ()5.3|1 . it suffices to show that for any i and k we have 



Suppose first that i < k. Then fl5.5|l is immediate from ()2.19|1 except for the cases 
i = —k and i = —k — 1. In the former case, we have k > and so ()2.19|) gives 



ti,i+i{u) tkk{v) = 0. 



(5.5) 




(5.6) 



p=k 



while for each p ^ k, 




q=k 



Hence, t_p_k+iiu) tpk{v) = t_k-k+i{u)tkk{v). So, implies 




and thus, t_k-k+i{u)tkk{v) = verifying 

Similarly, in the case i = — /c — 1 we have k ^ and so 




(5.7) 



p=k+l 



For each p ^ k + 1 we have 



1 



n 



tkp{v)t^k-l~p{u) 



[t-k-l-p{u),tkp{v)] 



U — V — K 



tkq{v)t-k-l-q{u). 



q=k+l 



Therefore, tkp{v) t^k-i-p{u) 



t-k-i-k{u)tkk{v). So, dSHI) gives 
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implying ()5.5|) in the case under consideration. 
Suppose now that i ^ k. We can write 

ti,i+i{u) tkk{v) = -[tkk{v), ti^i+i{u)]. 

Now ()5.5|1 is immediate from ()2.19j) except for the cases i = —k and i = —k — 1. In 
the former case, we have A; ^ and so ()2.19|) gives 

1 " 

t-k-k+i{u)tkk{v) = t_pk{v)tp k+i{u), (5.8) 

V — U — K ^-^ 

p=-fc+l 

while for each p ^ — /c + 1, 

1 " 

t-p,kiv)tp-k+l{u) = t-q^k{v)tq-k+l{u). 

V — U — K ^ — ^ 

q=-k+l 

Hence, t-p^k{v) tp-k+i{u) = -t_k-k+i{u)tkk{v). So, (jEHI) implies 

/ n + k \ 
1 H t_k-k+i{u) tkk[v) = 

\ V — U — K J 

verifying ()5.5|) . 

Finally, let i = — — 1. Then < and 

1 " 

t_k-i-k{u)tkk{v) = -[tkkiv), t^k~l~kiu)] = t^k-lA^)tk-p{v). 

V — U — K 

p=—k 

(5.9) 

For each p ^ —k we have 

1 " 

t-k-l,p{u)tk-p{v) = -[tk-p{v), t-fc-l,p(M)] = ^ — ^ t_k-l,q{u)tk_q{v). 

q=—k 

Therefore, t-k-i,piu)tk-p{v) =t^k-i~k{u)tkk{v). So, gives 

/ n + k + l\ . ^ 

1 H t-k-i-k[u) tkk{v) = 

\ V — u — K J 

completing the proof of ()5.5|) . 

For the Lie algebras a = 3p2„ and 02„ the argument is essentially the same as in 
the previous case. If a = sp2ni then due to ()5.3|) . it suffices to show that ()5.5|) holds 
for i G {— ri, . . . , —2, 1, . . . , n — 1} and all fc, together with the relation 

t^i,i{u)tkk{v) = Q. (5.10) 
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This relation is immediate from ()2.19|) for A; > 1 and k < —1; for the latter we apply 
()2.19p to the commutator [tkk{v) ,t-i^i{u)]. li k = 1 ot k = —1 then the claim is 
verified by a calculation similar to the cases ()5.6|) and ()5.8p . respectively. 

If a = 02n, then it is sufficient to verify for i G {— . . . , —2, 1, . . . ,n — 1} 
and all k, together with the relations (j5.1(J|) and t-i,2(w) ) = 0. The calculation 
is again a repetition of the one for a = 02n+i- 

Now we verify that all the operators tf^'' on the space with i G {—n, . . . , n} and 
r ^ 1 comprise a commutative family. First of all, by ()2.19|1 we have [tii{u),tii{v)] = 
for any i ^ 0. Furthermore, for any i < j such that i + j ^ we have 

{U - v) [tii{u),tjj{v)] = tji{u) tij{v) - tji{v) tij{u) 

and so, \tii{u),tjj{y)] = as operators on . Next, for any ^ i ^ j set 

Aij = t_j_i{u) tji{v) - tij{v) t^i^^j{u), 

where the value i = only occurs in the case a = 02n+i- By ()2.19|) . we get 

1 1 " 
Aoo = Aoo V Aoj, (5.11) 

U — V U — V — K ^-^ 

j=0 

and for any i > 

1 " 

An = y Aij, (5-12) 

j=i 

as operators on V'^, while for ^ i < j we have 

Aij = / Aik / Aji. 

This implies 

for < i < j, and 



U ~ V — K ^ — ^ U — V — K 

k=i l=j 



— — A ■ ■ 



_ u - V - 1 

Aoj — ^00 — Ajj 

u-v 

for j > 0. Hence, ()5.12|) gives 

1 + )Au V Ajj = 0, 

thus proving that An = [t_j^_j(n), tjj(i;)] = for alH > by an obvious induction. 
Moreover, in the case a = 02n+i, we derive from ()5.11|) that Aqq = [too{u),tQo{v)] = 0. 
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Since the operators t^[^ on are pairwise commuting, they have a simultaneous 
eigenvector ^ G . Then ^ satisfies the conditions ()5.H1 . Moreover, since \^ is 
irreducible, the submodule X(a) ^ must coincide with V so that \^ is a highest weight 
module over X(a). In particular, ^ is an a-weight vector with a certain weight v. 

Finally, since the central elements Zy. act on V as scalar operators, Corollarv 13.101 
implies that the vector space V is spanned by the elements 

with ja > ia and ^ 1. Hence, by ()5.3|) the a-weight space is one-dimensional 
and spanned by the vector ^. Moreover, if p is a weight of V and p ^ v then p strictly 
precedes v. This proves that the highest vector ^ of is determined uniquely, up to 
a constant factor. □ 

Given any tuple \{u) = (A_„(m), . . . , A„(m)) of formal series of the form ()5.2|) . we 
define the Verma module M(A(m)) as the quotient of X(a) by the left ideal generated 
by all the coefficients of the series tij{u) with —n ^ i < j ^ n, and tii{u) — Xi{u) for 
i = —n, . . . ,n. As we shall see below, the Verma module M{X{u)) can be trivial for 
some X{u). In the non-trivial case, the Verma module M{X{u)) is a highest weight 
representation of X(a) with the highest weight X{u) and the highest vector 1a which is 
the canonical image of the element 1 G X(a). Moreover, any highest weight represen- 
tation of X(o) with the highest weight X{u) is isomorphic to a quotient of M{X{u)). 
Regarding M{X{u)) as an a-module, we obtain the weight space decomposition 

M(AH) = 0M(A(w))., 

summed over all a-weights u = (z/i, . . . , z/„) of M{X{u)), where 

M{Xiu)), = {t] e M{Xiu)) \Fur] = Vir], ^ = l,...,n}. 

By ()5.3p . the set of weights of M{X{u)) coincides with that of the a-Verma module 
with the highest weight A*^^) = {X^i \ . . . , An ^). This set consists of all weights of the 
form A^^-* — tu, where is a Z_|.-linear combination of the positive roots. 

One easily shows that any submodule K oi a. non-trivial Verma module M{X{u)) 
admits the weight space decomposition 

K = ^K,, K, = KnM{X{u)),. 

V 

This implies that the sum of all proper submodules is the unique maximal proper 
submodule of M[X[u)\ The irreducible highest weight representation L[X(u)) of X(a) 
with the highest weight X[u) is defined as the quotient of the Verma module M(A(n)) 
by the unique maximal proper submodule. 
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Proposition 5.2. Let V be a highest weight representation o/X(a) with the highest 
weight \{u) = (A_„(-u), . . . , A„('u)) with some series ()5.2|) . Then the coefficients of 
the series z{u) act on V as scalar operators determined by z{u)\v = X-n{u + i^) Xn{u). 

Proof. Let C, be the highest vector of V. Then V = X(a) C, so that z{u) acts on V as 
a scalar function determined by its action on ^. However, taking k = I = n in ()2.28p 
we get 

n 

^(«) = t-i,~n{u + tm(M). (5.13) 

Therefore, z{u) = A_„(m + k) A„(m) ^. □ 



5.2 Representations of low rank Yangians 

Using the results on representations of the Yangian Y{q12) (Tarasov [221120]; see also 
[7| Chapter 12], ^H]), and the isomorphisms constructed in Section|5 we describe here 
the finite-dimensional irreducible representations of the extended Yangians X(o3), 
X(sp2) and X(o4). For the sake of completeness, we also reproduce a simplified 
version of Tarasov's classification theorem for the representations of Y(g[2); cf. |16j . 

We shall use the notation for the generators of Y(0[2) introduced in Section El 
A representation L of the Yangian Y(0[2) is called a highest weight representation if 
there exists a nonzero vector C, E L such that L is generated by C and the following 
relations hold 

Ti2(m)C = and (5.14) 

T,i{u)C = ^l^{u)C for 2 = 1,2. (5.15) 

for some formal series 

^^^{u) = 1 + + /ifu"' + . . . , e C. (5.16) 

The vector ( is called the highest vector of L, and the pair /i(u) = [fii(u) , fi2{u)) is 
the highest weight of L. A standard argument, similar to the one used in Section I^TD 
(see e.g. ^^), shows that every finite-dimensional irreducible representation of Y(0[2) 
is a highest weight representation. Given any pair of series fi{u) = (/ii(M), /i2(M)) , 
the corresponding Verma module M{fi{u)) for Y(g[2) is the quotient of Y(g[2) by the 
left ideal generated by all the coefficients of the series Ti2(m) and Tjj(-u) — fii{u) for 
i = 1,2. When the components of fi{u) satisfy the condition ^i{u) H2{u — 1) = 1 then 
M{fi{u)) may also be regarded as a module over the Yangian Y(sl2)- 

The Y(g[2)-module M{^{u)) has a unique irreducible quotient L{fi{u)). Thus, any 
finite-dimensional irreducible representation of Y(g[2) is isomorphic to L{fi{u)) for a 
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pair /i(-u) = (yUi(-u), yU2(M)) • It remains to describe the highest weights fi{u) which 
correspond to finite-dimensional modules L{^{u)). This is given by the following 
theorem due to Tarasov [2312^1 in Drinfeld's version jl2j . 

Theorem 5.3. The irreducible highest weight representation L{fi{u)) ofY{g[2) is 
finite- dimensional if and only if there exists a monic polynomial P{u) in u such that 

_ P{u + l) 

/^2(«) P{u) ■ ^ ■ ^ 

In this case, P{u) is unique. 

Proof. We shall need the following lemma. 

Lemma 5.4. If dim L{fi{u)) < oo then there exists a formal series 
f{u) = 1 + /iM-i + f^u-^ + . . . , free, 

such that f{u)fii{u) and f{u)fi2{u) are polynomials in . 

Proof. By twisting the action of Y(0[2) on L{^{u)) by the automorphism (j4.1H) with 
g{u) = fi2{u)~^, we obtain a module over Y(gl2) which is isomorphic to the irreducible 
highest weight representation L{v{u), 1) with z/(m) = ^i{u) / ii2{u) . So, we may assume 
without loss of generality that the highest weight of L{jj,{u)) has the form = 
(z/(m),1). Let denote the highest vector of the Verma module M(i/(u),l). Since 
dimL(z/(-u), 1) < cxo, the vectors T21C, G M(z/('u), 1) with i ^ 1 are linearly dependent 
modulo the maximal proper submodule K of M(z/(m), 1). Hence, M{v{u), 1) contains 
a nonzero vector ^ G -ft' of the form 

m 

Here m is a positive integer and we may assume that Cm 7^ 0. Then we have T^2^ = 
for all r ^ 1 because otherwise the highest vector ( would belong to K. Write 

iy{u) = 1 + z/(i)m-i + z/(2)m-2 + . . . , zyW e C. 
By the defining relations (j4.2p . in M(z/(m), 1) we have 

min{r,«) 

rpir) rp(i}^ _ Sr^ frpia-l)rp{r+i-a) _ rp(r+i-a)rp{a-l)\^ _ ^(r+j-l) >. 
12 21 ^ ^ \ 22 11 22 11 / 

a=l 

Hence, for all r ^ 1 we have the relations 

m 
1=1 
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They imply 



Z/(-u) {Ci + C2U-\ \- CmU 



m—1 



) = (61 + 62M H \- bmU 



m—1 



for some coefficients hi G C with 6, 



'm 



Cm- Thus, taking now 




—m+i 



i=l 



we conclude that both f{u)v{u) and f{u)l are polynomials in u 



-1 



□ 



Thus, taking the composition of the representation of Y(g[2) on L{jj,{u)) with 
an appropriate automorphism of the form ()4.11|) . we can get another highest weight 
representation of Y(g[2) where both components of the highest weight are polynomials 
in u~^. 

For any G C consider the irreducible highest weight representation L{a,(3) 
of the Lie algebra and equip it with a Y(0[2)-module structure via the evaluation 
homomorphism ()4.10|) . Let C, denote the highest vector of L{a,(3). Then 



Moreover, ii a — j3 G Z+ then the vectors {E2iyC, with r = 0, 1, . . . , a — /5 form a basis 
of L{a,P) so that dim L{a, P) = a — P + 1. Ifa — /5^Z+ then a basis of L{a,P) is 
formed by the vectors {E2iYCj where r runs over all nonnegative integers. 

Now let and fi2{u) be polynomials in of degree not more than k. Write 

the decompositions 



where the constants and f3i are complex numbers (some of them are zero if the 
degree of the corresponding polynomial is strictly less than k). 

For any Y(g[2)-modules Li and L2, their tensor product Li ®L2 is equipped with 
a Y(g[2)-niodule structure defined by the coproduct ()4.7|) . 

Lemma 5.5. Re-number the parameters ai and (3i if necessary, so that for every index 
i = 1, . . . , A; — 1 the following condition holds: if the multiset {Up — j3q \ i ^ p,q ^ k} 
contains nonnegative integers, then — (3i is minimal amongst them. Then the 
representation L{fii{u) , fi2{u)) of Y(0[2) is isomorphic to the tensor product module 



EnC = aC, 



E12 C = 0. 



fj,i{u) = (1 + aiu ^) . . . (1 + akU ^) 
fi2{u) = (1 + Piu-^) . . . (1 + (3kU-^)., 



(5.18) 



L(ai, pi) (g) L(a2, P2) ■ ■ ■ ^ L{ak, Pk)- 



(5.19) 
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Proof. Let us denote the module ()5.19|) by L and let Q be the highest vector of 
L{ai, Pi) for i = 1, . . . , k. Using the definition of the coproduct on Y(0[2) we derive 
that the cyclic span Y(0l2)C of the vector C = Ci ® • • • ® Cfc is a highest weight module 
with the highest weight {fii{u) , fi2{u)) . Therefore, the proposition will follow if we 
prove that the module L is irreducible. 

We claim that any vector ^ E L satisfying Ti2{u)^ = is proportional to (. We 
shall prove this claim by induction on k. This is obvious for A; = 1 so suppose that 
k ^ 2. Write any such vector ^, which is assumed to be nonzero, in the form 

p 

e = 5]](^2i)"Ci ® where G ^(^2, L{ak, Pk) 

r=0 

and p is some non-negative integer. Moreover, if ai — j3i E then we may and will 
assume that p ^ ai — Pi. We also assume that 7^ 0. Applying Tui^u) to ^, with 
the use of (14. 7|) we get 

p 

J2 {Tii{u){E2iyCi®Ti2{u)ir + Ti2{u){E2iy(:i®T22{u)ir) = 0. (5.20) 

r=0 

Using the definition of the Yangian action on Pi) and commutation relations in 
we obtain 

Tii{u){E2iyCi = (1 + Eiiu~^){E2irCi = (1 + («i - r)u-^){E2iYCi, 

and 

Ti2{u){E2irCi = u''Ei2{E2iyXi = r{ai - Pi - r + l){E2iy-\i. 

Hence, taking the coefficient at (£'21)^0 f!5.2(J|) gives 

{l + {ai-p)u'^)Ti2{u)^p = 0, 

implying the relation Ti2{u)^p = 0. By the induction hypothesis, applied to the 
Y(0[2)-module L{a2, P2) ® . . . (8> L{ak,Pk), the vector must be proportional to 
C2 ® • • • ® Cfc • Therefore, using ()4.7|) we get 

T22iu)^p = (1 + P2U-') . . . (1 + PkU~')^p. (5.21) 

In order to complete the proof of the claim it now suffices to show that p must be equal 
to zero. Suppose by way of contradiction that p ^ 1. Then taking the coefficient at 
(^21)^-^0 in we derive 

(1 + (ai - p + l)u-^) Ti2(u)ep-i + u-^p{ai - pi - p + 1) T22{u)Cp = 0. 
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Hence, multiplying by and taking into account ()5.21|) we get 



{u + ai-p + l)u^~^Ti2{u)ip^i + p{ai - pi - p + l){u + P2) ■ ■ ■ {u + pk)^p = 0. 

Now observe that the vector u'^~^Ti2{u) C,p-i depends on u polynomially. This follows 
by an easy induction with the use of ()4.7|) . So, taking the value u = —ai + p — 1 we 
obtain the relation 

p{ai - Pi-p + l)(ai - /?2 - P + 1) • • • (ai - - P + 1) = 0. 

But this is impossible due to the conditions on the parameters ctj and Pi. Thus, p 
must be zero and the claim follows. 

Suppose now that M is a nonzero submodule of L. Then M must contain a 
nonzero vector C, such that Ti2{u)C, = 0. Indeed, this follows from the fact that the 
set of gl2-weights of L has an upper boundary. The above argument thus shows that 
M contains the vector (. It remains to prove that the cyclic span K = Y{gl2)C 
coincides with L. 

Denote by x the anti-automorphism of the algebra Y(g[2), defined by 

k: tij{u) ^ ts^i^s^ji-u). (5.22) 

Consider the vector space L* dual to L. That is, L* is spanned by all linear maps 
cr : L ^ C satisfying the condition that the linear span of the vectors 77 G L such that 
a{ri) 7^ 0, is finite-dimensional. Equip L* with a Y(0[2)-module structure by setting 

{ya){r]) = o{x{y) t]) for y G Y(0[2) and a E L*, r] E L. 

It is easy to see that the dual module to the evaluation module L{a,P) 

is isomorphic to L(— /?,—«). Moreover, the Y(gl2)-i^odule L* is isomorphic to the 
tensor product module 

L(-/?i, -ai) (g)...(g) L{-pk, -ttfc)- 

This is deduced from the fact that the anti-automorphism x commutes with the 
coproduct A, where x is extended to Y(g[2) (g) Y(g[2) by x{x ® y) = x(a;) ® >c{y) 
for x,y E Y(gl2)- Furthermore, the highest vector Q of the module L{—Pi, —ai) = 
L{ai, Pi)* can be identified with the element of L{ai, Pi)* such that QiCi) = 1 
CiiVi) = for ^-ll weight vectors rji E L{ai, Pi) whose weights are different from 
{ai,Pi). 

Suppose now that the submodule K of L is proper and consider its annihilator 
Ann K = {C eL* \ Civ) = for all r] E K}. 
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Then AnnK is a nonzero submodule of L*, which does not contain the vector Q ® 
. . . Cfc- However, this contradicts the claim verified in the first part of the proof, 
because the condition on the parameters at and (3i remain satisfied after we replace 
each ai by —Pi and each /5j by — ttj. □ 

By this lemma, all differences — (3i must be nonnegative integers because the 
representation L{Xi{u), X2{u)) is finite-dimensional. Then the polynomial 

k 

P{u) = l[{u + Pi){u + Pi + l)...{u + a,- 1) (5.23) 

1=1 

obviously satisfies ()5.17|) . 

Conversely, suppose ()5.17|1 holds for a polynomial P{u) = {u + 71) . . . {u + •jp). 

Set 

z/iH = (1 + (71 + l)u-') . . . (1 + (7p + l)u-'), 
z/2(m) = (l+7iM-i)...(l+7pM-i), 
and consider the tensor product module 

L = L(7i + 1, 71) O L(72 + 1, 72) ® . . . ® L(7p + 1, 7p) 

of Y(0[2). Obviously, this module is finite-dimensional. The cyclic Y(0[2)-span of the 
tensor product of the highest vectors of L(7j + 1, 7j) is a highest weight module with 
the highest weight (z^i('u), h'2{u)). Since this submodule is finite-dimensional, then so 
is its irreducible quotient L(z/i(u), z/2(m)). Since 

there exists an automorphism of Y(0[2) of the form 1)4.111) such that its composition 
with the representation L(z/i(u), z/2(u)) is isomorphic to L{fii{u) , fi2{u)) . Thus, the 
latter is also finite-dimensional. 

Finally, suppose that Q{u) is another monic polynomial in u and 

P{u + 1) ^ Q{u + 1) 
P{u) ~ Qiu) ■ 

This means that the ratio P{u)/Q{u) is periodic in u which is only possible for 
P{u) = Q{u). □ 

The polynomial P{u) is called the Drinfeld polynomial of the representation 
L(/i(«)). 

We now apply Theorem 15.31 to the low rank extended Yangians. 
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Corollary 5.6. The Verma module M {\(u)) owerX(sp2) is non-trivial for any high- 
est weight \{u) = (A_i(m), Ai(m)). Moreover, the X{sp 2) -module L{X{u)) is finite- 
dimensional if and only if there exists a manic polynomial P{u) in u such that 

\.,{u) _ P{u + 2) 

AiH " P{u) ■ ^'-'^^ 

In this case, P{u) is unique. 

Proof. This is immediate from Proposition 14. II and Theorem 15.31 □ 

The evaluation homomorphism provided by Corollary 14.31 allows one to regard 
any irreducible sp2-module V{fi) as an X(sp 2) -module. The corresponding evaluation 
module is immediately identified with an irreducible highest weight module. 

Proposition 5.7. The evaluation module V{fi) overX{sp2) is isomorphic to L{X{u)) 
with 

\^i{u) = 1 — u^^ and \i{u) = 1 + fii u^^ . □ 

Corollary 5.8. The Verma module M{X{u)) over X(o3) is non-trivial if and only if 
the highest weight A(n) = (A_i(n), Ao('u), Ai(u)) satisfies the condition 

A_i(m - 1/2) Ai(m) = Xo{u - 1/2) Ao(m). (5.25) 

Moreover, if this condition holds then the X{o3)-module L{X{u)) is finite- dimensional 
if and only if there exists a monic polynomial P{u) in u such that 

. (5.26) 

In this case, P{u) is unique. 

Proof. Let the Verma module M(A(-u)) be non-trivial. By Proposition 14. 4[ we may 
regard M(A(-u)) as a Y(g[2)-module. In particular, we have 

Tn{2u)Tn{2u+l)U = \-i{u) 1a, 

where 1a is the highest vector of M(A(m)). This implies that 1a is an eigenvector for 
Tii(m), that is, Tii(m) 1a = yUi(M) 1a for a certain series [ii{u). Moreover, this series 
satisfies 

/ii(2M) /ii(2M + 1) = \-i{u). (5.27) 
Similarly, T22(u) 1a = Ai2(^) 1a for a series ii2{u) satisfying 

/i2(2u)^2(2u + l) = Ai(u). (5.28) 
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Furthermore, by the defining relations ()4.3|) we have 

Tui2u) T22(2m + 1) + T22i2u) Tui2u + 1) = 2 Tui2u + 1) T22(2m). 

Since to,i('") 1a = we derive that Ti2(m) 1a = 0. Hence, using the action of to,o(^) 
on 1a we also get 

/ii(2u)/i2(2M + 1) = AoH- (5.29) 

This gives the condition ()5.25j) . 

Conversely, if the condition ()5.25|) holds for a highest weight X{u) then there 
exist series fii{u) and fi2{u) satisfying ()5.27|) . ()5.28|) and ()5.29p . Consider the Verma 
module M {fii{u) , fi2{u)) over Y(0[2). Using the formulas of Proposition I4.4t we find 
that the highest vector 1^ G M {fii{u) , fi2{u)) satisfies the conditions (jS.lj) for the 
action of X(o3). 

The argument of the first part of the proof shows that, regarded as a Y(g[2)- 
module, the module L{X{u)) is isomorphic to L{fii{u) , ^2{u)) with fii{u) and fi2{u) 
satisfying ()5.27|) . ()5.28|) and ()5.29p . So writing the relation of Theorem 15.31 in terms 
of the series Xi{u), we get the desired condition. □ 

The evaluation homomorphism provided by Corollary 14.71 allows one to regard 
any irreducible 03-module V{fi) as an X(o3)-module. 

Proposition 5.9. The evaluation module V{fi) overX^o^) is isomorphic to L{\{u)) 
with 

(2m - ni){2u - jji-l) 
X-i{u) = — 



Ao(m) 
Ai(n) 



2u (2m - 1) 
{2u + fii){2u- fii- 1) 
2u (2m - 1) ' 

(2M + /ii)(2M + /ii - 1) 



2m (2m- 1) 

Proof. This is immediate from Corollarv 14.71 as the Casimir element c acts on V{iJ,) 
as multiplication by the scalar (/i^ — fii)/2. □ 

Corollary 5.10. The Verma module M(A(m)) over X(o4) is non-trivial if and only 
if the highest weight A(m) = (A-_2(^i), A_i(m), Ai(m), A2(m)) satisfies the condition 

A_2(m) A2(m) = A_i(m)Ai(m). (5.30) 

Moreover, if this condition holds then the X{o4)-module L{X{u)) is finite- dimensional 
if and only if there exist monic polynomials P{u) and Q{u) in u such that 

A_i(m)_ P(m + 1) Ai(m)_ Q(m + 1) 

A2(^) " P{u) "^"^ A2(m) - Q(m) ■ ^^-^^^ 

In this case, P{u) and Q{u) are determined uniquely. 
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Proof. Suppose that the Verma module M{X{u)) over X(o4) is non-trivial. Using the 
isomorphism x^^^ provided by Corollarv I4.10[ we shall regard M(A(-u)) as a module 
over the algebra Y{si2) ® Y(g[2). As was seen in the proof of Corollarv 14.101 

X^'^ : t-2,-2(M) ti,iiu - 1) - ti,_2(M) t-2,i(w - 1) ^ T;,{u) TI,{u - 1). 

This implies that 1a is an eigenvector for T(^{u), that is, T^iiu) 1\ = fi'i{u) 1\ for a 
certain series fJ>'i{u). Similarly, T22(m) 1a = /i2(w) 1a for a series n^iu). Then, by the 
formulas of Proposition 14. 8^ we also have 

Tii(m) 1a = 1a and T22{u)lx = ^^2{u)l\ 

for some series ^i{u) and fi2{u). Moreover, we have the relations 

X^2{u) = fii{u) fi[{u), A_i(n) = ^i(M)/i2(u), ^^^^^ 

Ai(m) = fl2iu) fl[{u), X2{u) = /i2(M) /i2(M), 

which imply ()5.30|) . Conversely, if ()5.30|) holds for some series Aj(u), then there exist 
series and /U-(m) satisfying ()5.32|) together with the condition fii{u) fi2{u—l) = 1. 
Consider the Y{si2) ® Y(gl2)-module M{fii{u), fi2{u)) ^ M{fi[{u), ^2{u)). The vector 
1/x ® satisfies the conditions (jS.lj) for the action of the series tij{u) thus proving 
that the X(o4)-module M(A(m)) is non-trivial. 

Finally, the argument of the first part of the proof shows that, regarded as 
a Y(s[2) Y (012) -module, the module L(A(m)) is isomorphic to L{fii{u) , fi2{u)) (g) 
L{fi[{u) , ^'2{u)) with the fii{u) and fii{u) satisfying ()5.32j) . By Theorem 15. 3^ the 
module L{fii{u) , fi2{u)) <S) L{fi[{u) , fi2{u)) is finite-dimensional if and only if there 
exist monic polynomials P{u) and Q{u) in u such that 

/ii(n) ^ P{u + 1) /i^M) ^ Qju + l) 

fi2iu) P{u) /^^(m) Q{u) 

Writing these formulas in terms of the Xi{u) we get the desired conditions. □ 

The evaluation homomorphism provided by Corollary 14.121 allows one to regard 
any irreducible 04-module V{fi) as an X(o4)-module. 

Proposition 5.11. The evaluation module V{fi) over X{o4) is isomorphic to L{X{u)) 
with 

(2m - /ii - /i2)(2M /il - /U2) 

X-2{U) - 





4m2 




- /i2)(2M - yUl yU2) 




4m2 


(2m + /ii 


- yU2)(2M + /il + /i2) 




4m2 


(2m — yUl 


+ /i2)(2M + /Xi +^12) 



4m2 
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Proof. This follows from Corollary 14.121 as the Casimir element c acts on V{^) as 
multiplication by the scalar (/i^ + fil)/2 — ^2- CH 



Remark 5.12. More general evaluation modules V{^)a with a G C over X(a) for 
a = sp2, 03 and 04 can be obtained by using the respective evaluation homomorphisms 
eva '■ X(a) — U(a) instead of ev; see Remark 14.131 Then V{fi)a will be isomorphic 
to the irreducible highest weight module L(A(m)), where the components Xi{u) are 
found from the formulas of Propositions 15. 7^ 15.91 or IHTTTl bv replacing u with u — a. 

5.3 Classification theorems 

Our goal here is to prove classification theorems for the finite-dimensional irreducible 
representations of the extended Yangians X(a) for a = 02n+i, sp2n, and 02n- The 
corresponding theorem for the Yangian Y(s[jv) implies that every finite-dimensional 
irreducible representation of Y{sIn) is isomorphic to a subquotient of the tensor 
product of the fundamental representations [12], [3 Chapter 12]. We shall use the 
following version of the well-known construction of the fundamental representations 
of Y(5[Ar). They are obtained by restriction from the corresponding representation of 
Y(0[^) which is obtained by a simple particular case of the fusion procedure; see e.g. 
jH], 1201 ■ The vector space carries an irreducible representation of Y(0[^) with 
the action of the generators given by 

Tij{u) ^ + CijU'^, i,j G {1, . . . , A^}, 

where the 6,^ denote the standard matrix units. So, 

Tij{u) Cfc = Cfc + Ci 

where ei, . . . , ctv denote the canonical basis of C^. Since for any 6 G C the mapping 
Tij{u) v-^ Tij{u — h) defines an automorphism of Y(0[^), using the coproduct ()4.7|) . 
we can equip the tensor product (C^)®*" with the action of Y(gl;Y) by the rule 

Tij{u) (cj, ®---®eiJj = 

N 

Tia^{u)ei^®Ta^a2{u + l)ei^®---®Ta^_^j{u + m-l)ei^. (5.33) 

ai,...,am-i=l 

For any 1 ^ m < set 

U= 5Z sgna ■ e.(i) ® ■ ■ ■ e.(„) G (C^)®'". 
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Then has the properties 

Tijiu) U = for all l^i<j^N (5.34) 

and 



■ 4m if l^t^m, 



u + m — 1 

if m + 1 ^ z ^ A^. 

Thus, the vector generates a highest weight module over Y(0[^) whose irreducible 
quotient is isomorphic to a fundamental module; see [71 Chapter 12], [T^ . 

Consider the extended Yangian X(a') for the subalgebra a' of o of rank n — 1. 
That is, 

o! = 02„-l, Sp2n-2, C2„-2 respectively for a = 02„+l, 5p2n5 02n- 

Note that X(a') is not a natural subalgebra of X(a). Let V be an X(a)-module. Set 

= {t] & V \ tk,n{u) Tj = ioi k < n and 

t-n,k{u)rj = Q for k>—n}. 

Lemma 5.13. The subspace is stable under all operators tij{u) with the condition 
—n + 1 ^i,j ^ n — 1. Moreover, these operators form a representation of the algebra 
X(a') on , where each operator tijiu) is the image of the generator series o/X(o') 
with the same name. 

Proof. For any rj G we have the following relations modulo elements of which 
are implied by ()2.19|) : ii k < n and —n + l^z,j^n — 1 then 

tkniv) tijiu) ri = -[tijiu), tkn{v)]ri = — 9i^^nt-n,jiu) t„„(f ) r]. 

11 V Av 

However, applying again ()2.19|) . we find that 

t-n,j{u) tnn{v) V = t-n,j{u) tnn{v) T]. 

U — V — K 

Therefore, t-njiu) tnniv) rj = implying t^niv) tijiu) rj = 0. A similar calculation 
shows that for any k > —n and —n + 1 ^ z, j ^ n — 1 we also have t-n,k{v) tijiu) rj = 
proving the first part of the lemma. 

In order to prove the second part, suppose that the indices i,j,k,l satisfy the 
condition —n + l^i,j,k,l^n— 1. Then by (j2.19j) for any r] G we have 

[tijiu), tkliv)] T] = — ^ (tkjiu) tiiiv) - tkjiv) tiiiu)^ 7] 

Uk,-i dvptpj{u)t_p^iiv)-5i^_j V 9jptk^.piv)t,piu))ri. 

11 1) Kj \ / 

p=—n p=—n 
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Writing the right hand side modulo V^, we get 

U^y Ul{v) -tkj{v)tii{u)^7] 

^ n— 1 n— 1 

~l 7, Z\^k,-i Ktpj{u)t^p^i{v) -Si_j V ejptk,^p{v)tip{u)) 

U V K \ ' 
n+1 p=—n-\-\ 

-n(^) ) V- 



U — V — K 

Applying again ()2.19|) . we obtain 

ji-i 



t-n,j{u) tn,l{v) 7] = - _ ^ ^ 9^n,ptpj{u) t-p^l{v) 7] 

= -n+l 

t-n,j{u) tn,l{v) - 6i _j dj-ntn,n{v) t 



U — V — K 

p=— n+1 



U — V — K 

Hence, 

n-l 



t-n,j{u) tn,l{v) 7] = — 0_n,ptpj{u) t.p,i{v) 7] 

U — V — K + 1 ^-^ 

p=— n+1 



■U — f — K + 

Similarly, tk,n{v) U-n{u) r] = -[tj tfc,n(^0] V and 

1 

[ti tfc,„(t;)] = 5fc _i 6*^ t_n-niu) tnn{v) 7] 

U — V — K 

n—l 

H — ( 5Z ^-"'P ^k,-p{v) tip{u) + tk,n{v) ti_n{u) ) V 

p=— n+1 



which gives 



tk,n{^) U~n{u) 7] = ^ — _i di^^n t^n~n{u) tnn{v) 7] 

U — V — K + 1 



^ n—l 

— r y2 d-n,ptk-piv)tip{u)v- 



U — V — K + ^ 

p=— n+1 



Combining these expressions, we come to the following relation 

[tij{u),tM{v)] 7] = til{v) - tkj{v) til{u)^ 7] 

^ n—l n~l 

_ . . ^iptpjiu)t-p,l{v) -6i^^j Ojptk,-p{v)tip{u)]7] 

111 V hh _L V / 



p=— n+1 p=— n+1 
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Finally, by (EH, 



[t-n-n{u),tnn{v)] 7] = [t {u),t 

nn 

U V Kj 

so that [t_n-n{u),tnn{v)]ri = 0. Tliis yields the desired relations between the oper- 
ators tij{u) on since n — 1 = k' coincides with the value of the parameter k for 
the Lie algebra a'. □ 

Proposition 5.14. The Verma module M{\{u)) over X(a) is non-trivial if and only 
if the components of the highest weight \{u) satisfy the conditions 

A_„+i_i(u + K - i) \n-i{u) ,r-o^\ 

— ; -, ^ = T TT (5.35) 

X-n+i {U + K-l) \n-i+l [U ) 

fori = l,...,n-l if a = 02n or sp2„, and for i = 1, . . . ,n if a = 02„+i. 

Proof. Suppose first that M{X{u)) is non-trivial. We use induction on n taking 
Corollaries 15 . 61 1^751 and I^TTUl as the induction base. Let us apply t_„__„+i(u) tn^n-i{v) 
to the highest vector 1a of M{\{u)). By ()2.19p we have 

t_n,-n+liu)tn,n-liv) Ix = 

(t-n-n+l{u) t„,„,-l(t;) + A„„+i(m) A„_i(f ) - \-n{u) \n{v)) 1a, 

U — V — K \ / 

which implies 

{U-V - K + l) t_„ _„+l(n) tn,n-l{v) l\ = A_„(m) A„(^0 1a - \-n+l{u) \n-l{v) 1a- 

Putting u = V + K, — 1 and replacing f by m we obtain ()5.35|) for z = 1. Furthermore, 
by Lemma 15.131 the subspace M(A(m))+ of M(A(u)) is a module over X(a'). The 
highest vector 1a belongs to M(A(n))+ and generates a highest weight X(a')-module 
with the highest weight (A_„+i(-u), . . . , A„_i('u)). So, the remaining conditions hold 
by the induction hypothesis. 

Conversely, suppose that A(m) satisfies the conditions. Consider the left ideal I 
of the algebra X(a) generated by the coefficients of the series tij{u) with i < j where 
i+j>OoTi+j^O for the orthogonal or symplectic case, respectively; and by the 
coefficients of the series tui^u) — Xi{u) ioi i = 1, . . . ,n and z{u) — A_„(m + k) \n{u). By 
CoroUarv 13.101 the quotient M(A(m)) = X(a)/J is non-trivial. Let 1a be the image 
of 1 G X(o) in the quotient. It suffices to verify that the vector 1a satisfies all the 
conditions ()5.1|) . Now we use Corollarv 13. 101 again. Let us choose the total ordering 
on the elements t ■J'' and Zr with the conditions on the indices as in the statement of 

(r) (s) 

the corollary, in such a way that any element t^y with i > j precedes any element 
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while the latter precedes any element of the form t'f'^ with i < j. We shall regard X(a) 
as the adjoint a-module with the action defined on the generators by ()5.Hj) . For any 
pair k < I and any r ^ 1 write the element t^'J'' as a linear combination of the ordered 
monomials. The o-weight of each of the monomials coincides with the a-weight of 
t^^i . Then the relation t^^^ 1a = follows because the vector 1^ is annihilated by any 
monomial occurring in the combination. The same argument shows that 1a is an 
eigenvector for the action of any element t\^^. Thus, the X(a)-module M{X{u)) is a 
Verma module M(A(ti)). It remains to verify that its highest weight \{u) coincides 
with A(m). This holds for the components of A(m) with positive subscripts by the 
definition of M(A(-u)). Furthermore, since z{u) 1\ = A_„(m + k) A„('u) 1a, fj5.13p 
implies that t_n-n{u) 1a = A_„(m) 1a. So, A_„(u) = A_„(n). By the first part of 
the proof, since the Verma module M(A(m)) is non-trivial, the conditions ()5.H5j) must 
hold for the components of X{u). This shows that A(n) = A(m), and thus M(A(m)) is 
non-trivial. □ 

Corollary 5.15. The irreducible highest weight module L{X{u)) over X(o) exists if 
and only if the conditions ()5.35j) hold. 

Proof. If L(A(m)) exists then the conditions ()5.35|1 are derived by repeating the argu- 
ment of the first part of the proof of Proposition 15. 141 Conversely, if the conditions 
hold then the Verma module M{X{u)) is non-trivial by Proposition 15.141 Therefore, 
the irreducible quotient L{X{u)) of M(A(-u)) exists. □ 

We are now in a position to prove the classification theorem for finite-dimensional 
irreducible representations of the extended Yangian X(o). 

Theorem 5.16. Every finite-dimensional irreducible X{a)-module is isomorphic to 
L{X{u)) where X{u) satisfies the conditions ()5.35|) and there exist monic polynomials 
Pi{u), . . . , Pn{u) in u such that 



and also 



\i-l{u) _ 


P^{u+l) 


Xi{u) 


Pi{u) ' 


Xo{u) 


Pi{u + l/2) 


Ai(«) 


Pi{n) ' 


A„i(m) 


Pi(m + 2) 


Ai(m) 




X-i{u) 


Pi(m + 1) 


X2{U) 


P^{u) 



for i = 2, . . . , n (5.36) 

if O=02n+1, 
if a = 02n- 

Conversely, if fl5.35|) and the above conditions on the highest weight X{u) are satisfied 
then L{X{u)) exists and has finite dimension. 
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The polynomials Pi{u), . . . , Pn{u) are called the Drinfeld polynomials correspond- 
ing to the finite-dimensional representation L{X{u)). 

Proof. Due to Theorem 15.11 every finite-dimensional irreducible X( a) -module is iso- 
morphic to L{X{u)) for some highest weight A(m). Then A(m) must satisfy ()5.H5|1 by 
Corollary 15.151 since L(A(m)) exists. Now we argue by induction on n taking Corol- 
laries ESI ESI and EUHl as the induction base. Observe that if n ^ 2 then by ()2.19|) . 
the mapping 

Tij{u) ^ ti+n-2,j+n-2{u), i,j G {1, 2} 

defines a homomorphism Y{q12) — > X(o). So, L(A(m)) can be regarded as a Y(g[2)- 
module. The highest vector 1^ G L(A(m)) then satisfies 

Tii(m) 1a = A„_i(m) 1a, T22(m) 1a = An(M) 1a, ri2(M)lA = 0. 

Since the cyclic span Y(gl2) 1a is finite-dimensional, we derive from Theorem 15 . 31 that 
there exists a monic polynomial Pn{u) such that ()5.36|) holds for i = n. Furthermore, 
by Lemma 15.131 the subspace L(A('u))+ is a module over X(a'). The highest vector 
1a belongs to L(A(m))^ and generates a highest weight X(a')-module with the highest 
weight (A_„+i(m), . . . , A„_i(m)). Since the cyclic span X(a') 1a is finite-dimensional, 
the remaining conditions on the Xi{u) hold by the induction hypothesis. 

Suppose now that the highest weight A(u) satisfies the given conditions. Then 
L{X(u)) exists by Corollarv 15.151 We need to show that dimL(A(M)) < oo. Observe 
that the ra-tuple of Drinfeld polynomials corresponding to an X(a)-module L{X{u)) 
determines the highest weight X{u) up to a simultaneous multiplication of all compo- 
nents Xi{u) by a series f{u) G 1 + ■u^"'^C[[m^"'^]]. On the other hand, the composition 
of the action of X(a) on L{X{u)) with the automorphism ()2.2H1 yields a represen- 
tation of X(a) isomorphic to L{X'{u)), where the components of X'{u) are given by 
X[{u) = f{u) Xi{u). Therefore, it suffices to prove that a particular module L[X{u)) 
corresponding to an arbitrary ra-tuple of Drinfeld polynomials is finite-dimensional. 

We shall use the coproduct ()2.24|) to equip the tensor product of two X(a)-modules 
with an X(a)-module structure. 

Lemma 5.17. Let L{X{u)) and L{^(u)) be two irreducible highest weight modules 
over X(o) with 

A(m) = (A_„(m),...,A„(m)) and niu) = {n_n{u), . . . , Hn{u)). 

Then the tensor product 1a ® 1^ of the highest vectors of L{X{u)) and L{^{u)) gen- 
erates a highest weight submodule V overX(o) in L{X{u)) ® L{fi{u)) with the highest 
weight 

(X-n{u) fi-n{u), Xn{u) fin{u)). (5.37) 
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Moreover, if the modules L{X{u)) and L{^{u)) are finite- dimensional with the corre- 
sponding n-tuples of Drinfeld polynomials (Pi(m), . . . , P„('u)) and . . . , Qn{u)), 
respectively, then the n-tuple of Drinfeld polynomials corresponding to the irreducible 
quotient ofV is (-Pi(u) Qi{u), . . . , Pn{u) Qn{u)). 

Proof. It follows easily from ()2.24j) that the vector ^ = 1^ (8> 1^ satisfies fl5.1|) with the 
highest weight ()5.37|) . The second statement now follows from the relations defining 
the Drinfeld polynomials. □ 

By the lemma, we only need to show that if an irreducible highest weight module 
L{\{u)) corresponds to an n-tuple of Drinfeld polynomials of the form Pj{u) = 1 for 
all j 7^ i and Pi{u) = u—b for certain i G {1, . . . ,n} and 6 G C, then dimL(A(M)) < oo. 
Furthermore, the composition of the action of X(a) on L{X{u)) with an automorphism 
of the form ()2.22j) yields a representation of X(a) whose n-tuple of Drinfeld polyno- 
mials is Pj{u) = 1 for all j ^ i and Pi{u) = u ~ a — b. Thus, it suffices to prove the 
claim for all values of the index i and a certain particular value of 6 G C. 

Consider the representation of X(a) on defined in ()3.19|) with c = so that 

Equip the tensor product (C^)*^™ with an X(a)-action by 



tiai {u) Cj, (g) taiaa {u + 1) ^12 



ta^_^j{u + m - I) ei^, (5.38) 



ai,...,am_i=~n 



where we use the coproduct (|2.24|) on X(a) and the automorphism (j2.22p . For any 

1 ^ m ^ n set 

^m= ^ Sgnor ■ e„„^i+^(i) (g) ■ ■ • (g) e_n-l+a{m) £ (C^)®"". 



We claim that satisfies 

Uj iu) im = ^ for all — n^i<j^n 

and 



f u -\- m 



tii (^u) ^ 



u + m — 1 

U + K — 1 



K U + K 



if — n ^ i ^ —n + m — 1, 
if — n + m^i^n — m, 

if n — m-t-l^i^n. 



(5.39) 



(5.40) 
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Denote by p(™) the operator in (C^)*^™ which acts on the basis vectors by 

We have P^"^\$,m) = ce^rn, where a = 1 or —1. The definition ()5.38p imphes the 
following relation for the action of X(a) on (^^^^'^"^^ 

Oij t-j,-»(n) = P^*") Uj{-u -K-m + l) P^'"). (5.41) 

Due to ()5.H|1 . in order to verify ()5.H9|1 in the case a = 02n+i, it therefore suffices 
to consider the values j = i + 1 with —n ^ i ^ — 1. Since the expression for the 
vector only involves the tensor products Ci^® ■ ■ ■ ® Cj^ with negative subscripts 
Zfe, we may assume that the summation indices ai, . . . , a^-i in ()5.38|) are all negative. 
Indeed, tia^{u) e^^ = unless oi < implying ta^a2{u + 1) = unless 02 < etc. 
However, in this case the formula (j5.38p takes the same form as its Y(g[^)-counterpart 
()5.33j) if we take into account the convention on the basis vector indices. Therefore, 
the relations tj,i+i('u)^m = and, hence ()5.39p . are implied by the corresponding 
property ()5.34|) of the vector in the case of Y(g[^). Moreover, this argument also 
proves ()5.40|) for the non-positive values of i. The application of ()5.41|) completes the 
proof of dOni)- 

The same argument applies to the cases a = sp2„ and a = 02™ which also shows 
that t_i^i{u) = together with t_i 2{u) = for a = 02n- 

Thus, in the case a = sp2„ for any mG {1,...,?7, — 1} the vector generates 
a highest weight submodule of (C^)®™ whose n-tuple of Drinfeld polynomials is 
Pj{u) = 1 for all j ^ m and Pm{u) = u + k — 1, while ^„ generates a highest weight 
submodule of (C^)*^" whose n-tuple of Drinfeld polynomials is Piiu) = u + n — 1 and 
Pj{u) = 1 for j 7^ 1. This completes the proof of the theorem in the symplectic case, 
as the irreducible highest weight modules over X(a) with such n-tuples of Drinfeld 
polynomials are finite-dimensional. 

Similarly, the proof is also complete in the case a = 02™ and the values m G 
{1, . . . ,n — 2}, as well as in the case a = 02n+i for the values m G {1, . . . , n — 1}. In 
order to complete the proof in the remaining cases, we shall use the spinor represen- 
tations of the orthogonal Lie algebras. The spinor representation V{—l/2, . . . , —1/2) 
of the Lie algebra 02n+i can be realized in the 2'^-dimensional space A„ of polynomials 
in n anti-commuting variables ^1, . . . , 

An = span of {^j^ . . . \ 1 ^ ii < ■ ■ ■ < ik ^ n, ^ k ^ n}. 

The generators of 02n+i act on this space as the operators 

Pij = dj — — 6^j, P-j,i = di dj, Fj-i — 0' 

1 1 (5.42) 

P0,i = —7= di, Fifi = —r= ^i, 
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where i,j G {1, . . . ,n} and di is the left derivative over ^j. The restriction of A„ to 
the subalgebra 02n C 02n+i (spanned by the elements Fij with j 7^ 0) sphts into the 
direct sum of two irreducible submodules, A„ = A+ © A~, where A+ (respectively, 
A~) is the subspace of A„ spanned by the even (respectively, odd) monomials in the 
generators ^j. We have the isomorphisms 

A+ - Vi-l/2, . . . , -1/2) and A" - V(l/2, -1/2, . . . , -1/2). (5.43) 

The highest weight vectors of the 02n-niodules A+ and A~ are, respectively, the vectors 
1 and ^1. 

Lemma 5.18. Each spinor representation of can be extended to a representation 
of the algebra X{on) by the rule 

tij{u) ^^ + FijU~^, ij e {-n,...,n}. 

Proof. The claim follows by a direct verification that the images of tij{u) satisfy the 
defining relations ()2.19|1 with the use of the following identity of operators in each 
spinor representation: 

iF%=(^^ + ^)6,^ + KF,,, (5.44) 

where F is defined in fl2.6p . Indeed, in the particular case i = j = n, the identity is 
verified by a straightforward calculation. The general case then follows by commuting 
both sides of this particular identity with appropriate generators Fij. □ 

The lemma implies that the spinor representation \^(— 1/2, . . . , —1/2) of Oat be- 
comes an irreducible highest weight representation of X(oAr) with the highest weight 
A(m), where 

\i{u) = 1 + 2^"^ ^'^^ ^ ^ '^i(^) = 1 ~ 2^^^ ^"^^ ^ ^ 1 

and Ao(m) = 1 (the latter only occurs for = 2n + 1). The corresponding n- 
tuple of Drinfeld polynomials is {u — 1/2, 1, . . . , 1) in both cases N = 2n and = 
2n + 1. Finally, the spinor representation 1^(1/2, —1/2, —1/2) of 02n becomes 
an irreducible highest weight representation of X(o2n) with the highest weight X{u), 
where ^ 

\i{u) = 1 + 2^^^ ^ ^ ^ = I5 

Xi{u) = 1 — 2^~^ ^'^^ i ^ 2 and i = —1. 
The corresponding n-tuple of Drinfeld polynomials is(l,M — 1/2,1,...,1). □ 
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Theorem 15. 161 allows us to get another proof of Drinfeld's classifications theorem 
for the Yangian modules [12]; cf. [3 Chapter 12]. 

Corollary 5.19. Any finite- dimensional irreducible representation of the Yangian 
Y(a) is isomorphic to the restriction of an X{a)-module L{X{u)) to the subalgebra 
Y(a), where the components of \{u) satisfy the conditions of Theorem \5.1(A In partic- 
ular, such representations o/ Y(a) are parameterized by the tuples {Pi{u), . . . , Pn{u)) 
of monic polynomials in u. 

Proof. By Theorem 13.11 any finite-dimensional irreducible representation V of Y(a) 
can be extended to a representation of X(a) where the elements of the center ZX(a) 
act as scalar operators. By Theorem 15. 16^ the X(a)-module V is isomorphic to 
L[\{u)) for an appropriate highest weight \{u). This allows one to attach a tuple of 
polynomials (Pi(m), . . . , P„(m)) to the Y(o)-module V . 

Conversely, given any n-tuple of polynomials (Pi(m), . . . , P„(m)), there exists a 
highest weight \{u) such that the conditions of Theorem 13.11 hold. Moreover, the 
components of A(m) are uniquely determined up to simultaneous multiplication by 
a formal series in u^^ . This implies that the corresponding X(a)-module L{\{u)) is 
determined up to twisting by an appropriate automorphism 1)2.211) . However, the 
subalgebra Y(a) consists of the elements stable under all such automorphisms. This 
yields the desired parametrization of the representations of Y(a). □ 

The finite-dimensional irreducible representations L{\{u)) corresponding to the 
n-tuples of Drinfeld polynomials of the form (l,...,u — a, 1,...,1), where a G C and 
M — a is on the «-th position, are called the fundamental representations of X(a) or 
Y(a). The following corollary was established in the proof of Theorem 15.161 

Corollary 5.20. Every finite- dimensional irreducible representation o/Y(a) is iso- 
morphic to a subquotient of a tensor product of the fundamental representations. □ 

5.4 Fundamental representations 

In this section we give a more explicit description of the fundamental representations 
of the algebras X(a) and Y(a). We shall follow the general approach of the paper 
by Chari and Pressley However, contrary to [6 , we avoid using the theorem 
describing the singularities of i?-matrices. 

We start with the orthogonal case a = On- The fundamental representations with 
the n-tuples of Drinfeld polynomials (m — 1/2, 1, . . . , 1) and (1, m — 1/2, 1, ... , 1) (the 
latter for N = 2n only) , were constructed in the proof of Theorem 15.161 
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Now let = 2n + 1. The tensor square of the spinor representation A„ of 02n+i 
has the following decomposition into irreducibles: 

n 

A„^A„^0V(^(p)), (5.45) 

where /i^p) = (0, . . . , 0, -1, . . . , -1) with p zeros. Note that ^(/i^P)) is a fundamental 
representation of 02„+i for any l^p^n— 1. It corresponds to the fundamental 
weight ujn-p in a more standard notation. The highest weight vector Vp of V{iJi^^'>) is 
given in an explicit form by 

Vp = Y,{-ir^-^'' in--- ® in ■ ■ ■ in. (5-46) 

summed over all partitions of the set {1, . . . ,p} into the disjoint union of two subsets 
{ii, . . . , ifc} and {ji, . . . , j/} so that p = k + I with k,l ^ while ii < ■ ■ ■ < ik and 
Ji <--- < Ji- 

By Lemma 15.181 we may regard A„ as an X(o2„+i)-module. Furthermore, using 
the coproduct ()2.24|) and the automorphism ()2.22|) . we can equip A„ A„ with an 
X(02n+i)-action by 

n 

Uj{u){v ® C) = 5^ + F,k {u - a)-i) V ® (5,^. + Fkj u'^^ (, (5.47) 

k=—n 

where r], ^ G A„ and a G C is a fixed constant. 

Proposition 5.21. If a = p — 1/2 then the vector fp G A„ (g) A„ has the properties 

tij{u) f p = for — n^i<j^n (5.48) 

and 



{u-p){u + 1/2) 

for ^ I ^ p, 



u{u-p+ 1/2) ^ 
iu-p){u-l/2) 



tii{u) Vp = 

{u -p}{u- 1/2) ^ 
. u{u-p + 1/2) 

Proof. By the definition ()5.47p . we have 



(5.49) 



Vp for p + 1 ^ i ^ n. 



and 

n 

t'ff {V®0 = a'"' 5^ i^^fc ^ ® FkjC + a'-' F,, 77 ® C (5.50) 



k=—n 
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for r ^ 2. In particular, 



for any r ^ 2. Since Vp is the highest weight vector in the 02n+i-niodule V^n^^^), we 



have the relations tf^ f p = for —n ^ i < j ^ n and 



for ^ ? ^ p, 

—Vp for p + 1 ^ i ^ ra. 



Now, implies that 



Furthermore, taking the {i — entry in ()2.26|) and comparing the coefficients at 
we get 

n 

f(2) _ V .(1) +(1) I +(2) _n 

fc=— n 

Hence, ()5.48p will follow if we prove that Vp is an eigenvector for all the operators tf'' 
with i = 1, . . . , n. By ()5.50p . we have the following equality of operators in A„ ® A, 



k=—n 

Note that each element Fki G 02n+i acts on A„ A„ as the operator 

A{Fk^) = Fki® 1 + 1® Fki. 

Due to ()5.44|) . in the spinor representation A„ we have {F'^)ii = n/2 + {n — 1/2) Fa. 
Moreover, we have A{Fki) Vp = for k < i and for 1 ^ i < k ^ p. The latter 
follows from the fact that each vector A{Fk^k-i) Vp with A; G {2, . . . ,p} is annihilated 
by all operators A(Fj j+i) and hence must be zero, as the 02n+i-niodule V{jj^P^) is 
irreducible. Recalling that a = p — 1/2 we thus get for any i G {1, . . . ,p}, 

n 

tif ^P= Yl ^^^^ ® ^) ^(^'^^) Vp+{P- {Fa ®l)vp- n/2 Vp. 

k=p+l 

Using the expression (j5.46p for Vp and the formulas (j5.42p it is now easy to derive the 
relation t^^^ Vp = —p/2 ■ Vp. If i G {p + 1, . . . , n} then 

n 

= J2^F,k ® 1) A(Fh) Vp + {p- n) {Fa ®l)vp- n/2 Vp. 

k=i 
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Using again ()5.46p and ()5.42p . we find that A{Fki) Vp = ioi k > i which gives 
Hi '^p — {~vl'^ + 1/2) v.p. Thus, ()5.48|) is proved. For any i > the relation ()5.49p is 
now imphed by (jS-Slj) with j = i. Finally, we have t^QQ Vp = —p/2- Vp which is verified 
by a similar calculation. This implies ()5.49j) for i = 0. □ 

Due to Proposition 15.211 the cyclic span Wp = X(o2n+i) "^p of the highest vector 
G A„ (g) An is a highest weight module over X(o2n+i)- By the following theorem, 
Wp is irreducible. This module is finite-dimensional, and ifl ^ p ^ n — 1 then 
the corresponding n-tuple of Drinfeld polynomials is — 1/2,1,...,!) with 

n — 1/2 on the {p + l)-th position; see Theorem 15.161 So, this yields a construction of 
the fundamental representations of X(o2n+i) alternative to the one used in the proof 
of Theorem 15.161 The following is a version of a result of Chari and Pressley j^l 
Theorem 6.2] and earlier results of Ogievetsky, Reshetikhin and Wiegmann |22]- We 
assume that 1 ^ p ^ n — 1 and a = p — 1/2. 

Theorem 5.22. The X{o2n+i)-'fnodule Wp is irreducible. Its restriction to the uni- 
versal enveloping algebra U(o2n+i) is given by 

[(n-p)/2] 
i=0 

Proof. By Cor ollarv 13 . 1 01 and Proposition 15. 211 the vector space Wp is spanned by the 
elements 

t;.;^; . . . tfi Vp, m ^ 0, 

with ja > ia and ra ^ 1. By ()5.3|) . the 02n+i-weights of Wp have the form /x^p^ — to, 
where is a Z+-linear combination of the positive roots; see their description in the 
beginning of Section 15.11 However, any Z_|_-linear combination of the positive roots 
has the form kiei + ■ ■ ■ + kn Sn, where the ki are integers and the sum fci + ■ ■ ■ + /c„ is 
a non-positive integer. Since fj.^^ — /i*^'^ = e^+i + ■ ■ ■ -|- for / < p, we conclude that, 
as an 02n+i-inodule, 

n 

WpC^Vifi^^^). (5.52) 

s=p 

We shall now demonstrate that none of the irreducible 02n+i-iiiodules of the form 
V^(/x^*)) with s = p -|- l,p -|- 3, . . . can occur in the irreducible decomposition of Wp. 
We need the following lemma which holds for any value of the parameter a. 

Lemma 5.23. For any s E {2, . . . ,n} in the X{o2n+i)-'fnodule A„ A„ we have 

t-l+i^s^s = (a-s + 1/2) Vs-2- 
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Proof. By ()5.50p . we have 

n 

k=—n 

Furthermore, ()5.44|1 imphes = {n — 1/2) F^s+i,s- Moreover, in the 02n+i- 

submodule Vi^fi^'^^) of A„ A„ we have A(Ffcs)t>s = for k ^ s. Hence, applying 
(jO^ we obtain 

n 

tS+i,, = XI 5s ® 5s ® 1 + 1 ® ^fc 5,) t;, + (a - n + 1/2) {d, d.^i ® 1) w,. 

k=s+l 

Finally, using the formula ()5.46p for Vg we come to 

tS+i,, Vs = ia-s + 1/2) (9, ds-i (g)l)vs = (a- s + 1/2) t;,_2. □ 

Now, if the irreducible module V{fx^'^^) with s = p + 2i — 1 for some i ^ 1 occurs 
in the irreducible decomposition of Wp then Wp would also contain V{^^^~^^) by 
Lemma 15.231 But this contradicts ()5.52|) . Thus, as an 02n+i-niodule, 

[(n-p)/2] 
i=0 

We now need the following counterpart of Lemma [5.231 

Lemma 5.24. Let s G {2, ...,«}. If a ^ —s + 1/2 then the projection of the vector 
G An ® An onto the component V{^^^^) in the decomposition ()5.45|) is 

nonzero. 

Proof. Let us introduce a bilinear form on the vector space A„ by 

where / = {ii, . . . , ik} and J = {ji, . . . ,ji} are subsets of {1, . . . , n} such that ii < 
■ ■ ■ < ik and ji < ■ ■ ■ < ji, with 6jj = 1 if / = J, and otherwise. The form possesses 
the covariance property with respect to the action of 02n+i, 

Extend the form ( , ) to a bilinear form on the tensor product space A„ ® A„ by 
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One easily verifies that this form inherits the covariance property. In particular, the 
irreducible components V{n^^^) in the decomposition ()5.45|) are pairwise orthogonal. 
So the lemma will follow if we prove that {t^P_g^iVs-2,Vs) 7^ 0. However, a direct 
calculation with the use of ()5.5()j) shows that for any 77, ^ G A„ (g) A„ we have 

{tif V, = iv, (4? + « (1 ® F,, - F,, ® 1)) C). 
Hence, using Lemma [5.231 and the formulas (j5.42|) we find that 

{tf^-s+l Vs) = {Vs-2, {t-l+l,s + a (1 ® F_s+l,s - F_s+l,s ® 1)) Vs) 

= {-a-s + 1/2) {vs-2, Vs-2) ^ 0, 

completing the proof of the lemma. □ 

Ifa = p — 1/2 then the condition of Lemma l5.24l is satisfied for any s G {2, . . . , ra}. 
Thus, Lemmas 15.231 and 15.241 implv that the X(o2n+i)-module Wp is irreducible and 
its 02n+i-irreducible decomposition coincides with the right hand side of ()5.53|) . □ 

Consider now the case a = 02n- As we mentioned in the previous section, the 
restriction of the 02„+i-module A„ to the subalgebra 02n splits into the direct sum of 
two irreducible submodules, A„ = A^ © A~, and we have the isomorphisms ()5.43|) . 
We have the following tensor product decompositions of the 02n-niodules: 

[n/2] 

A^®A^ = 0^(^^"'^), (5.54) 

r=0 

[{n-l)/2] 

A^®A;= \/(/.(2^+^)), (5.55) 

r=0 

where /x^^) = (0, . . . , 0, -1, . . . , -1) with p zeros. Note that Vifx'-P^) is a fundamental 
representation of 02n for any 2 ^ p ^ n — 1. The highest weight vector Vp of \^(/i^^^) in 
the decompositions ()5.54|) and ()5.55|) is given by ()5.46|) with the following additional 
restrictions: both k and I are even for (j5.54|) with p = 2r, while k is even and / is 
odd for (j5.55j) with p = 2r + 1. 

By Lemma 15. 181 we may regard A^ and A~ as X(o2n)-niodules. As in the previous 
case, we equip the tensor products A+ A+ and A+ A,^ with an X(o2n)-action by 

n 

Uj{u){v ® C) = 5^ (^.fc + {u - a)-i) f] ® (5,^. + Fkj n-i) C, (5.56) 

k=—n 

where a G C is a fixed constant. In the following proposition we consider the cases of 
even and odd p simultaneously. If p = 2r then Vp G A+ A^ and if p = 2r + 1 then 

VpEA^0A~. 
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Proposition 5.25. If a = p — 1 then the vector Vp has the properties 

tij{u) f p = for — n^i<j^n (5.57) 

and 

1/2)(m+ 1/2) 



tii{u) Vp 



u{u — p + 1) 
{u-p + l/2){u-l/2) 



for — 1 ^ i ^ p, 

(5.5^ 

for p + 1 ^ i ^ n. 



u{u — p + 1) 

Proof. The proof is essentially the same as for Proposition 15.211 with the use of the 
relation ()5.44j) . The calculation of the eigenvalues of the operators t^^^ on Vp gives 



t^^K 



{l/A-p/2)vp for -l^i^p, 

(3/4— p/2)t>p for p+l^i^n. 

These imply the desired properties. □ 

The cyclic span Wp = X(o2n) Vp of the vector Vp is a highest weight module 
over X(o2n)- By the following theorem, Wp is irreducible. This module is finite- 
dimensional, and i{2^p^n — 1 then the corresponding n-tuple of Drinfeld poly- 
nomials is (1, . . . ,M — 1/2, 1, . . . , 1) with u — 1/2 on the {p + l)-th position; see 
Theorem 15.161 So, Wp is a fundamental module over X(o2n)- The following is the 
02n-counterpart of Theorem 15.221 We assume that 2 ^ p ^ n — 1 and a = p — 1. 

Theorem 5.26. The X{o2n)-'m'0dule Wp is irreducible. Its restriction to the universal 
enveloping algebra U(o2n) is given by 

l{n-p)/2] 

Wp\vio,^)= F(/.(^+^^)). 

Proof. Considering the 02ri-weights of Wp and using Corollary 13. 10^ we conclude that, 
as an 02n-niodule, 

[(n-p)/2] 

The equality in ()5.59|) and irreducibihty of the X(o2ri) -module Wp is implied by the 
following two lemmas which are verified in the same way as their 02n+i-counterparts. 

Lemma 5.27. For any s E {2, . . . ,n} in the X(o2n) -module or (g) A^ for 

even or odd s, respectively, we have 

{'2') 
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Lemma 5.28. Let s G {2, . . . ,n} . If a ^ —s + 1 then the projection of the vec- 
tor t^P_g_^_iVs_2 onto the component V{fi''^^) in the decomposition ()5.54p or ()5.55p . 
respectively, is nonzero. □ 

In particular, if a = p — 1 then the condition of Lemma 15.281 is satisfied for any 
s G {2, . . . , n}. This completes the proof of the theorem. □ 

We conclude by showing that each fundamental representation of the Lie algebra 
sp2n can be extended to the algebra X(sp2n) providing a fundamental representation 
of the latter. Due to Theorem l3.1l it suffices to prove the corresponding statement for 
the Yangian Y(sp2n)- We follow the argument of P adopting it to the presentation 
of Y(sp2n) provided by Corollarv 13.21 For any indices k,l G {—n, . . . ,n} introduce 
the elements J^i G Y(sp2n) by 

(2) i ^(1)^(1) 



•^kl — I kl 9 ^ 'ki 'il 



We shall identify the universal enveloping algebra U(sp2n) with a subalgebra of 
Y(5p2„) via the embedding ()3.21|) . Denote by J the subspace of Y(sp2„) spanned by 
all elements Jki- 

Lemma 5.29. The subspace J is stable under the adjoint action of the Lie algebra 
sp2„. Moreover, the sp2n-fnodule J is isomorphic to the adjoint representation. 

Proof. We easily derive from ()5.3|) that 

[Fij, Jki] = 5f,j Jii - Jkj - _i Oij J_j^i + (5; 6ij Jk-i. 

This proves the first claim. For the proof of the second, take the coefficient at in 
the relation ()3.6|) . This gives 

rl!>+e,,r^U + .rS'-±r;^'^P=0, (5.60) 

i=—n 

where we have used the relation rj^]'' +6ki T^i-k ~ 0- Replacing k and / respectively by 
— / and —k in (|5.6(J|) . then multiplying it by 6ki and adding the result to (j5.6(Jj) yields 
Jki + ^ki J-i-k = 0. The argument is completed by observing that dim JT" = dimsp2„ 
by Corollarv 13.71 □ 

The following lemma is straightforward from the defining relations of Y(sp2„) 
given in Corollarv 13.21 
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Lemma 5.30. The algebra Y(sp2„) 
fc, / G {— n, . . . , n}. 



is generated by the elements F^i and Jki with 

□ 



The fundamental representations of sp2n ^i-re the modules V{^^p^) where the high- 
est weights have the form /x*^^-' = (0, . . . , 0, —1, . . . , —1) with p zeros, for the values 
p = 0, 1, . . . , n — 1. In a more common notation, V{h,^p'>) corresponds to the fun- 
damental weight oJn-p- Denote by Wp{a) the fundamental representation of Y(sp2„) 
corresponding to the ra-tuple of Drinfeld polynomials a,l,...,l) with a G C 

and M — a on the {p + l)-th position. By Theorem 15.161 the Y(sp2„)-module Wp{a) 
is isomorphic to the restriction of the X(sp2„) -module L(A(n)) to the subalgebra 
Y(sp2„), where the components of X{u) are given by 



' u — a — p 



Xi{u) = < 



for p = 1, . . . , n — 1, and 



u — a — p — 1 
1 

u — a 



u — a + 1 



if — n ^ i ^ —p — 1, 
if — p ^ i ^ p, 
if p+l^i^n 



u — a + 1 

u — a 
M — a + 1 
u — a + 2 



if — n ^ i ^ — 1, 
if 1 < i ^ n 



for p = 0. So, Wp{a) may also be regarded as an X(sp2„)-module. Recall that the 
universal enveloping algebra U(sp2„) is embedded into X(sp2„) via (j3.22|) . 

The following is essentially a reformulation of a particular case of [HI Theorem 6.1]. 

Theorem 5.31. The restriction ofWp{a) to U(sp2„) is isomorphic to the fundamental 
module V{jj,^'''^). Moreover, the action o/ Y(sp2„) on V{ij,^^^) is determined by the 
assignment Jm ^ hF^i with b = —{n — p + l)/2 + a. 

Proof. By Theorem 15. H the X(sp2„)-module Wp{a) contains a unique, up to a con- 
stant factor, highest vector ^. By the Poincare-Birkhoff-Witt theorem for X(sp2n) 
and the relations ()5.3p . ,^ is a unique weight vector of the weight fx^^^ in the 5p2n- 
module Wp{a). Furthermore, the irreducible decomposition of this module takes the 
form 

(5.6i: 



Wp{a) 



V{f^(p))(B^c{u)V{u), 
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summed over the weights v strictly preceding [i^^^ with respect to the standard partial 
ordering on the set of sp2„-weights, where the c{y) are some multiplicities. Consider 
the sp2„-module homomorphism 

^■J®V{ii^''^)~^W^[a) (5.62) 

defined by 

ijj : Jki(S)v h-^ Jkiv, V e Vifi^P^). 

By Lemma IP). 29[ the sp2„-module J' is isomorphic to V{p) with p = (0, . . . , 0, —2). It 
is well known that the irreducible decomposition of V{p) V{jj^^^) contains V{ij,^p^) 
with multiplicity one, and does not contain any modules V^u) with u strictly preced- 
ing jj^P^; see e.g. jl3]. Therefore, the homomorphism ip must be multiplication by a 
scalar on the component V{fj,^^^) and zero on the other irreducible constituencies of 
V{p) ® Vin'-P^). Then by Lemma ICTl the subspace V{fi^P^) of Wp{ a) is stable under 
the action of Y(sp2n) thus Wp{a) = Vdx^^'') since Wp is an irreducible Y(sp2n)" 
module. This proves the first part of the theorem and shows that the action of the 
elements Jki on V^(/i'^^^) is given by Jki ^— > bF^i for some b E C By Lemma EISDl 
this determines the action of Y(sp2n) V^p^P^). Finally, the exact value of b is 
found by calculating the eigenvalue of the operator J„„ on the highest vector ^ of 
L{X{u)) = Wp{a). This eigenvalue remains unchanged if we multiply all components 
of X{u) by the formal series f{u) G 1 + C[[m^^]] u^^ defined from the relation 

f{u) f{u + k) \-n{u + k) Xn{u) = 1. 

In the case l^p^n — Iwe obtain 

f{u) = l + {n-p)u-^ + -- - . 

By Proposition 15.21 we have z{u) = 1 in the X(sp2„) -module L(/(-u)A(-u)) so that 
the eigenvalue of r„„(-u) on the highest vector of L(^f{u)\{u)) is /(m) A„('u). This 
allows one to find the eigenvalue of TnJ which turns out to be {n — p)/2 — a + 1. 
Since the eigenvalue of Tnn = Fnn on the highest vector is —1, the eigenvalue of J„„ 
is {n — p + l)/2 — a proving the claim for the case under consideration. In the case 
p = the value of b is found by the same calculation. □ 
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